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PREFAOE. 


THE importance of a knowledge of DrTERMINANts to all 
who extend their reading beyond the elements of mathematics, 
and the fact that most modern writers employ the determinant 
notation, have led to the belief that an American work on 
Determinants might satisfy a growing demand. | . 

This is a text-book, and not an exhaustive treatise. Enough 
is given, however, to enable the student to use the determinant 
notation with ease, and to enable him to pursue his further 
reading in the modern higher mathematics with pleasure and 
profit. 

The book is written with reference to the wants of the 
private student as well as to the needs of the class-room. The 
subject is at first presented with great simplicity. As the stu- 
dent advances, less attention is given to details. More than 
half the volume is devoted to applications and special forms, 
that the reader may get some notion of the power and. utility 
of determinants as instruments of research. 

Throughout the work care has been taken to show how each 
new concept has been evolved naturally ; and, whenever it is 
thought advisable, a special case precedes the general dis- 
cussion. 

The work has been written in the far West, where contact 


with others in the same field was practically impossible. I 
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shall therefore be grateful for any notification of errors that 
may have escaped detection. 

My thanks are due to Messrs. J. S. Cusnine & Co., of 
Boston, for great care and patience manifested in the prepara- 
tion of the plates. 

Among the works consulted most assistance has been derived 
from the following. All the works named have been used 


freely. 


‘Matzka.— Grundziige der systematischen Einfiihrung und Begriin- 
dung der Lehre der Determinanten. 

Baltzer.— Theorie und Anwendung der Determinanten (Fiinfte 
Auflage). 

Giinther. — Lehrbuch der Determinanten-Theorie (Zweite Auflage). 

Diekmann. — Einleitung in die Lehre von den Determinanten und 
ihrer Anwendung auf, etc. 

.Dostor.— Eléments de la Theorie des Déterminants avec Applica- 
tions, etc. (Deuxieme edition). 

Hoiiel. — Cours de Calcul Infinitésimal. 

Scott.— A Treatise on the Theory of Determinants and their Appli- 
cations, etc. ; 
Burnside and Panton.— The Theory of Equations, with an Intro- 

duction, ete. 
Muir. — A Treatise on the Theory of Determinants. 


I am especially indebted to the last two works for many 
examples. 
PAUL -H. ANUS: 


BOULDER, CouL., May, 1886. 
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THEORY OF DETERMINANTS. 


CHAPTER I. 
PRELIMINARY NOTIONS AND DEFINITIONS. 


1. The first notion of Determinants we owe to Leibnitz, who, 
in his attempts to simplify the expressions arising in the elimi- 
nation of the unknown quantities from a set of linear equations, 
_ employed symbols nearly identical with our present determinant 
notation. In a letter dated April 28, 1693, Leibnitz communi- 
cates his discovery to L’ Hospital; and later, in another letter, 
expresses the conviction that the functions will develop remark- 
able and very important properties, — a conviction which time 
has abundantly verified. Leibnitz, however, never pursued the 
subject himself, and his discovery lay dormant till the middle 
of the eighteenth century. 

In 1750 the celebrated geometer, Gabriel Cramer, rediscovered 
determinants while working upon the analysis of curves. Dur- 
ing the course of his investigations, Cramer had to solve sets 
of linear equations, and naturally encountered the same fune- 
tions that had attracted the attention of Leibnitz.* To Cramer 
is due the general rule for the solution of simultaneous linear 
equations (non-homogeneous), containing as many unknown 
quantities. . 

This rule was inferred without proof from the form of the 
values of the unknown quantities obtained in solving sets of 
two and three equations. 


* The particular problem which led to Cramer’s discovery of deter- 
minants appears to have been: To pass a curve of the vth order through 


vw  3v. ; 
- any —+— given, points. 
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Since the time of Cramer important advances have been 
made. The names of many celebrated mathematicians appear 
in the list of those who aided the evolution of a theory of deter- 
minants. Prominent among these are Vandermonde and Gauss. 
From Gauss the name ‘‘ determinant” instead of ‘‘ resultant” 
was adopted by Cauchy. Cauchy and Jacobi are perhaps to 
be considered as the greatest among those who first developed 
the subject. The monograph of Jacobi, published in 1841,* 
established the foundation of a treatise on the theory of 
determinants ; and his own writings, as well as the works of 
many eminent mathematicians during the past fifty years, attest 
the wonderful power of determinants as instruments of mathe- 
matical investigation, and the fruitfulness of the functions 
themselves. 


2. The most natural way of approaching the theory of deter- 
minants would be along the line of development. This is 
accordingly our purpose. Owing to peculiar difficulties attend- 
ing this mode of procedure, we can however only employ this 
method at the outset, and must soon adopt a presentation 
better suited to the further unfolding of the subject, and free 
from the peculiar difficulties alluded to. 


Determinants of the second, third, and fourth order. 


3. Consider the set of four simultaneous linear equations :— 
(1) qe+thytoaqz+at= m, 

(2) : Age + boy + o2 +dyt = my 

(3) age + bsy + ¢32 + dt =m, 

(4) agwtbhyy +ez+dt= my, 

Here it will be convenient to eliminate the unknown quantities 
in a uniform manner, as follows: in each set of equations to be 
obtained, (2) will be multiplied by the coefficient of the un- 
known in (1) that is to be eliminated, and (1) by the corre- 
sponding coefficient in (2); (8) will be multiplied by the 


! 
hy 
| 
) 


* De Formatione et Proprietatibus Determinantium. 
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coefficient of the unknown under consideration in (2), and (2) 
by the corresponding coefficient in (3); and so on through the 
set. Having thus made the coefficients of one of the unknowns, 
x, say, the same in all the equations, we will then eliminate x 
by subtracting (1) from (2), (2) from (8), ete. We shail find 
in performing these operations that the coefficients of the un- 
known quantities and the absolute term after each elimination 
are functions of a particular form, and subject to the same law 
of formation, —that these functions are, in fact, DETERMINANTS. 
Eliminating w in set I. as directed, we have 


(1) (d)b.—ab,) y+ (dyes — Ag) 2+ (inde Ag, ) t= Ay M_g— AyM, 

(2) (debg—dghe) Y + (CyC3— Ugly) 2+ (Ags — Aydy) t= aymM3— AgMg " If. 
. a 

(3) (dgby— yds) ¥ + (AC, — yl) 2 + (Agd,—ayd3)t=a 1s — Cys } 


4. Examining these binomial coefficients, we see that each 
contains one positive and one negative term, and involves four 
quantities, ViZ., @), M2, by, bes OF Cg, Mz, Cy, Cz, etc. It will also 
be noticed that each term never contains more. than one « 
(coefficient of x), or b (coefficient of y), or ¢ (coefficient of z), 
etc., but that each term does contain ‘all the subscripts that 
occur in the binomial. Finally, the terms in which the sub- 
scripts occur in their natural order are positive, while in the 
negative terms there is an inversion of the natural order in the 
subscripts, 7.€., dsc, is +, but asc, is —. Such binomials are 
determinants of the second order.* (The order of a determinant 
is determined by the number of factors in each term.) It has 
been agreed to denote them, following Laplace, by writing the 
letters involved in regular succession, affecting-each with the 
subscripts in order, and enclosing the whole expression within | 
parentheses, thus : (@6:) = a,b, — 2b, 3 (es) = Ages = Oy 6s, Otc. 

Introducing this notation, set IT. becomes 


(1) (a, b,) y + (aC) 2+ (ade) t = (mz) 
(2) (dob3) y + (dg€s) % + (Gods) t= (dyms) } ILI. 
(3) (d3b4) y + (434) 2 + (dgd,) t= (3204) 


* The general definition of a determinant is given in 17, Chap. II. 
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5. If we now eliminate y, according to the directions givep 
in 3, we have 


(1) [(@1b2) (G63) — (debs) (cree) J2 + [(ab2) (ods) | 
— (gb3) (dy) | t = (a, b,) (dymz) — (dgb3) (dM) 
(2) [(a2bs) (43¢4) — (404) (aes) ]% + [(2b3) (asda) - 
— (d3b4) (dgd3) |t = (dgb3) (Agim) — (304) (dems) J 
Examining the binomial coefficients of the unknowns, and 
the absolute terms in set IV, we see at once that they are of 


the same form; and if we can simplify any one of them and 
discover the law of formation, we have them all. For this 


purpose let us expand the coefficient of z, putting, for short- 


ness, this coefficient equal to C. Then, by the definition in 4, 
C = (ab2) (Ge¢3) — (A2b3) (Ay C2) 
= (102) (d2C3 — AgCy) — (Azb3) (16, — Age) 
= tly [ (102) C3 + (A2bs) “] — Cp ES by) lg + (420s) ay |. 


The last binomial, ae (GiS3) yf 
(15) Ag + (debs) Gy = (ayo b, — Gy0)) d3.+ (both) hy 
= ly (4,03 — agb,) = Ay Ip (hy bs). 
= Gy [ (a, D2) C3 — (G1 Ds) Cy + (Ads) 
= (1g [ Ay 093 — Ay by C3 — Ay 03 Cy + gD, Cy + gd3C, — Ag bo |. 


Here the quantity within brackets consists of 2-3=6 terms, 
i.e., of as many terms as there are permutations of the sub- 
scripts 1,2,3- Three of the terms are positive and as many 
are negative. The quantity involves the 3°=9 qua is 
Cg, Cg, Dyy Day Dgy Cry Coy Cys 

No term involves more than one a, or 0, or ¢, but does con- 
tain all of the subscripts 1,2,3, each term containing a different 
permutation of these numbers. Finally, as before, we notice 
that those terms in which the subscripts occur in their natural 
order, or in which there is an even number of inversions* of 


* In a series of integers which are all different there is said to be an 
inversion of order when a greater number precedes a less. Thus in 13452 
there are three inversions, in 21354 there are two inversions, ete. 


pon. ey Pligg a 


PRELIMINARY NOTIONS AND DEFINITIONS. 9) 


order, are positive, while those terms are negative in which the 
number of inversions of order of the subscripts is odd. Such 
a function is a: determinant of the third order. A determinant 
in which the quantities are those of C is denoted by (a, dy ¢). 
We therefore have C = a,.(a,b.c,). It must be carefully noticed 
that the equation 

(ay ba¢3) = (a bo) €3 — (A, b3) Cg + (Agb3) 

= 0 Dy C3 — Ay dy C3 — Ay D3Cq + Ag 1 Cy + Cg b3C; — Ag boc, 

gives the expansion of a determinant of the third order. 

Employing the notation just explained, the coefficient of 
t in (1) is evidently a.(a,b,d;), and the absolute term is 
Gz(d,b,m3). The coefficients and the absolute term of (2) will 
obviously be a3 (20304), Wg (A2b3d4), Ay (dgb37%4), in order. 

Introducing this notation into set IV, and dividing (1) and 
(2) by a, and ag respectively, we have | 


(1) (a) bee3) 2 + (a, B23) t = (a, b,m3) 
(2) (dab cs) 2 + (dgbgddy) t= (dgb32m4) ) 


6.* If we now eliminate z in the same manner as heretofore, 
we have 


[ (dbo) (dy bgd4) — (tly bgc,) (aby) | t ty 
= (ay by C3) (a,b; 74) <3 (d,b3C,) (ay by M3) F 


The preceding results naturally imply a simplification and law 
of formation to be discovered in the coefficient of ¢ and the 
absolute term of VI. 

To simplify the coefficient of t, which for shortness we will 
call C, as before, we proceed as follows : 


C = (Gy by 03) (dy b3dy) — (eb; ¢y) (Ay b2d3) 
= (dy b2¢3) [ (dads) dy — (dig by) dy + (a304) dy | 
— (dgb3¢,) [ (dy by) dg — (a, b3) dy + (A263) dy] 
= (dos) [ (M1 5205) dy — ( Myb3¢4) dh] — Dds + Dy dp ; 


* 6 may be omitted on first reading, if thought best. 
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in which - 
D = (ab903) (dab4) + (dgb3¢,) (4,02), and 
~ Dy= (015363) (dgb4) + (debg04) (A, 3) . 


Now, by 5, (a, 02¢3) = (402) €3 — (0g) Cg + (ae bs) G3 
and (ayb3Cy) = (yds) Cy — (GgD4) Cg + (cg D4) Co. 
Substituting, 
D = (G24) [(dy be) ¢3 — (bg) C2 + (A2bs) C] + (a,b) [ (debs) C4 
 — (24) €3 + (gb) Co] 
i (bs) [ (204) Cy + (G1 D2) C4] — [(204) (145) 
— (4b) (304) | C2. 
The second binomial, (204) (@16;) — (dy be) (304) 
= (2b, — ayy) (4,03) — (304 — yds) (4 b2) 
= 5,[(a1b3) dz — (02) ag] — Ay [(A,03) by — (a dz) 5 |] 
= b,[ (4,03 — 31) A, — (a, bg —Ayb,) as] 
— tty [abs — yb) be — (0,02 — Gyb,) 85] 
= (tb, (dabd3 — gb) — a4, (dob; — M3 bo) 
SEER Utils) tan 4G tadsy = <tate i\* 2 
= (dyb3) [(a1b2) Cy — (4,05) Go + (asb,) sa 
Substituting the expansions of ues and of (d2b3¢,) in D, 
we have : 
Dy, = (d,04) [(a, 02) €g — (63) ey + “ates | + (a,b) [ (clo y) Cy 
— (04) C3 + (Cg D4) Ce | 
= (aybs) (a: 34) Cr+ (ands) ey] — [(aabs ») (ayb,) — (abe) (<tsb,) es: 
Here we notice that the binomial Ay of the second term is 
the same as the binomial factor in the last term of D: hence 
equation (K) above, is (dbs) (a, 0%). 
. D, = (Gb) [a 03) ey — (414) Cs + (dsb) ¢]- 
Substituting the values of D aid Dy, just’ obtained, in C, 
we have 
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C= (digbs) [ (dy Bog) dy — (Mg dg 04) — $ (By) Cy — (1.04) Co 
aw (04) ef dls ++ $(ay bs) C4 rae (Oy Dy) C3 + (a3 D4) G4} ds | 
= (abs) [ (1. b2¢5) dy — (A, 0,04) ds + (ay bsC4) ds — (dy b,¢,) dy |. 


From this value of C the absolute term of VI is obviously 
(ab3) [(a,b2¢3) mM, — (4 D9C,) Mz + (A, O3C4) Me — (Ay gC4) M2, ]- 


Now the quantity within brackets in C (and in the absolute 
term) of VI-is here seen to be composed of four terms, each 
of which contains a factor which is a determinant of the third 
order. We shall presently show that this quantity is a deter- 
minant of the fourth order, and will therefore write, in accord- 
ance with the notation already exemplified, for determinants of 
lower orders : ; i 


(a4boCz) dy — (yD2C,) dy + (D304) dy — (Ggb3Cg) dy = (AydoCyly) (R). 
Now, 5, = (a Bg.€3). = (2) C3 — (4,03) Cg + (Mods) 3 | 
© (Gy B94) = (ay bo) Cy — (D4) Co + (aad) 64; 
(a, 5304) = (A, 3) C4 — (41.04) ¢3 + (3 D4) Cy 5 
(Go b3C4) = (dobg) Cy — (Gag) C3 + (Mg D4) Co. 


Expanding the determinants of the second order in the 
second members of these equations according to 4, and sub- 
stituting in equation (R), there results : 


(anbsestls) = — Ay DCA ae OboD Coy ——= 00 0. 3lo fly + A30,¢ os + a oD: a =i. g0oC Hy 
. = D964 + Aa) C413 + GD 4Col3 — AyD C913 — Algd se, + A4DoC,0. dy 
aD s0 do — Og) Cyly — a,b slyly + gh yCyly + Agb4C,do— abserdly 


— thobslydy + AgdoCyy + dob ed, — OyDola — AgbsCod, + aydycod}. 


This expansion contains 4-3-2 = 24 terms, involving 47= 16 
quantities. Each term contains only one a@ (coefficient of x), 
one 6 (coefficient of 7), one c (coefficient of z), one d (coefficient 
of ¢), and contains all the subscripts; a different permutation 
of the subscripts belonging to each term. As before, we find 
that the number of inversions of order of the subscripts is an 
eyen number in the positive terms, and is an odd number in 
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the negative terms. Moreover, the number of terms is exactly 
the number of permutations of the first four natural numbers. 
Such a function is a determinant of the fourth order, and is 
accordingly designated by (a,,c¢,;d,). Introducing this nota- 
tion, and dividing by (d,b,), equation VI becomes 


(a, b,¢,d,)t = (Qb2¢,m,). VII. 


It is to be noticed that equation (R) of the present article 
gives the expansion of a determinant of the fourth order. 


7. We have now shown how determinants of the second, 
third, and fourth orders arise in the solution of simple simul- 
taneous equations. From the reductions of 6, it is obvious 
that to continue the present method would very soon imply 
difficulties in the simplifications practically insurmountable when 
we attempt to produce determinants of the higher orders. For 
determinants of the fifth order, the process of reduction would 
be found very tedious. Hence, to investigate the properties of 
determinants of the mth order, we are forced to take a new 
starting-point; and in Chapter II. we proceed upon a plan 
somewhat. different from that hitherto adopted. 


Values of the Unknown Quantities. 

(dy bg €g dy) 

of set I been so arranged that z should be the last unknown 
bod: 

in each equation, we would evidently have z oe : 

Ti th ae (A, d,C3 m4) ieee (dy; bz C3174) (41 Dedses) 

n the same way, ¥ = (a4, doc,B,) ae “(dybae,a,) . 


8. From equation VII, 6, t= Had the equations 


9. Among the many properties of determinants to be estab- 
lished, we may here produce the following theorem, which is 
among the most important of the elementary theorems in the 
subject : 

The interchange of two letters, or of two subscripts, the others 
remaining undisturbed, changes the sign but not the magnitude 
of a determinant. 


VALUES OF THE UNKNOWN QUANTITIES. 4) 


Ist. For determinants of the second order. 

(a) The interchange of two letters. 

(a, b,) =a,b,—a,b,. In this, if we interchange a and 6, the 
‘second member becomes 


by Gy he by Cy = (cy Do ere a5) b) a (b, (ly) = — (a, bs) 5 


(b) The interchange of two subscripts. 
(a, 5) = ab, —,b,. If the subscripts are interchanged, the 
second member becomes 
yd, — Ay by = — (ab, — MyD,) .*. (gd,) = — (Abe). 


9d. For determinants of the third order. 


(a) The interchange of two letters. 

(4053) = (G12) €3 — (Abs) Cy + (Agb3)¢;. In this, if we inter- 
change a and b, the proposition is obvious from the first part 
of the demonstration, Ist, (a). | 

We have therefore to show that the proposition holds for b 
andc. We have, 5, 


(a, by) (g€3) — (dgbs) (yey) = Ao(A) dg). 


In this expression, interchanging 0} and ec, the first member 
becomes (C2) (203) — (des) (02). Since ad, remains un- 
changed, (¢,b3) = — (a,b9¢s). 


(b) The interchange of two subscripts. 

(a b2¢3) = (M02) €3 — (03) Co + (Ayb3) cc. (La). If the sub- 
scripts 2 and 3 are interchanged, the second member becomes 
(1, b3) Cy — (4,02) ¢3 + (Agby)e. Since (d3b,) = — (dyb,), Ist, 
(b), the second number of (L) becomes 

— (1 d,) es + (4,3) C2 — (2d3) 4 
; ee (a, Os C2) =—_ (a, Dols). 
In the same manner it may be shown that the interchange of 


any other two subscripts in (L) changes the sign of the second 
member, .’. the proposition. 
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3d. For determinants of the fourth order. 
(a) The interchange of two letters. 
(1 bys Uy) = (0565) dy— (A, 2.64) Ug (0, 0364) do— (dg d3e4), (LL). 


From 2d, (a), the proposition is obvious for an interchange 
of the first three letters. ‘To show that the proposition holds 
for c and d, we have, 6, 


(23) (gb3dy) — (d2b3C4) (A b2d3) = (A2d3) (ay Dy C3 a4) « 
The interchange of c and d transforms the minuend into sub- 
trahend, and the subtrahend into minuend, in the first member. 
Hence, as (a,0;) remains unchanged, (a,02d3¢,) = — (@,b2Cgd4). 
(b) The interchange of two subscripts. 
(ayboC34) = (Ayb:C3) dy — (40004) ds + (D304) do— (Agbg¢y)d,.. (M). 


In this, if we interchange the subscripts 2 and 3, the second 
member of (M) becomes 


(a, b3¢,) dl, — (a, D304) dg + (1 2C4) dg + (gb C4) dh. 


Now, by 2d, (b), (a 03¢2) = — (@D2¢3) ; and (ds bo¢y) = — (23 C4). 
Hence the second member of (M) may be written 


— (dy be C3) dy + (A by Cy) ds — (10504) dz + (23 C4) dy, 
and therefore (dy bg Coy) = — (A, by Cg dy). 


In a similar manner the proposition may be established for 
the interchange of any other two subscripts. 

It is obvious that two consecutive interchanges will leave the 
determinant unaltered either in sign or magnitude. Notice 
that an interchange of two letters corresponds to a uniform 
change in the order of succession of the unknown quantities in 
the original set of equations. Also, that an interchange of two 
subscripts corresponds to changing the order of the equations. 

10. Applying the proposition of the preceding article to the 
values of a, y, 2, and ¢, obtained in 8, we have 


mies (My be Cz dy) | a (1, M03) | E (a, boM2dy), (Gy b2C, 74) 
(02304) ’ (1090304) (Gi, b2¢gdy)’ (4 ba Cg A) 


NOTATION. | ML 


Notice that the common denominator in these values is the 
determinant of the fourth order, formed from the coefficients of 
the unknown quantities. Also, that the numerator of the value 
of x is obtained by changing the a of the denominator into m.” 
The numerator of the value of y is likewise obtained by chanig- 
ing the 6 of the denominator into m, and that the numerators 
of the values of 2 and? are similarly Ons by changing the 
¢ and d into m respectively. 


Notation. 


11. We have seen that a determinant of the second order 
contains 27=4 quantities, a determinant of the third order 
3? = 9 quantities, and a determinant of the fourth order 42 =16 
quantities. It is customary to employ the notation introduced 
by Cayley, and write these determinants so that the quantities 
(called elements) entering into the determinant appear arranged 
in the form of a square, with a vertical line on each side. 


Thus {a 0,) = ty B,| 3 (Ay bas) = | ab, ¢|; and (a,09¢.4;) =| a, 0,64, 
(ty Do Ke bo Cy (by Do Co Uo 

| lz Bg C5 (lz bs C3 ds 

| Uy D,6,d, 


Other forms of notation are also | a, b,| for (a ,); | a1 426, | 
for (52 ¢3); |G, b2¢3d,4| for (a, by ¢3 dy). 

There are still others to be described later. In Cayley’s 
notation the elements are so arranged that, regarded as coeffi- 
cients of the unknowns in the original set of equations, they 
occur in rows and columns in the regular order in which they 
are found in these original equations. Further, comparing the 
expansions with the square arrangement, we notice that each 
term contains one, and only one, element from each row and 
column, and that there is no other element from the same row 
and column-in the same term. Hence, as already exemplified, 
there can be only 2, 3, or 4 elements in each term, according 
as the determinant is of the second, third, or fourth order. 
It will be noticed that the quantities occurring in the abbreviated 
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forms (db. ¢3), (db), |, by ¢3 dy|, etc., are those found in one 
of the diagonals in the square arrangement, viz., the diagonal 
extending from the upper left-hand corner to the lower right- 
hand corner. This diagonal is called the principal diagonal. 
Similarly, that diagonal extending from the lower left-hand 
corner to the upper right-hand corner is the secondary diagonal. 
Any line parallel to these (principal or secondary) is a minor 
diagonal. Any of the expansions heretofore given show that 
the product of the elements of the principal diagonal is a posi- 
tive term of the determinant. This term being composed of 
the elements of the principal diagonal, is called the principal 
term. ‘The other terms can be formed from the principal term 
by making all the possible permutations of the subscripts and — 
prefixing the proper sign to each permutation (5 and footnote ; 
also 6). 

Observe that the order of the letters in the abbrev iated forms 
of notation is the order of the columns in the square arrange- 
/ ment, and that the order of the subscripts gives the order of 
the rows. Thus, |a@,0,c;| means the determinant whose first 
column consists of a@’s, second column of 6’s, and third column 
of c’s, and that the subscript of each letter in the first row is 3, 
‘and in the second each letter has the subscript 2, ‘ae in the 
third each letter has the subscript s. 


Illustrations are: 


Oly Dy Co 


| dg Dy Cy | = | Ag Dg Cg |. 
0,0, Cj 


Gy Cy Dy 


| dg by Cs dy | = Gz Os Cs Us ; (@y Cy bs) = 


|a, 0, C, dy | =| a, 


NOTATION. 13 


The expansion of determinants of the second and third orders. 


12. Though we have already given the expansion of deter- 
minants of the second and third order several times, it will be 
useful here to compare these expansions with the square 
arrangement once more. Also, we are now prepared for a 
convenient mnemonic rule for the expansion of a determinant 
of the third order, to be given in 15. 


13. Since “ile Cl, 0g — Ag by, it is ‘obvious that the expan- 


tt a, 
sion of a determinant of the second order is obtained by taking 
the product of the elements of the principal diagonal and the 
product of the elements in the secondary diagonal, and sub- 
tracting the second product from the first. 


14. We have repeatedly shown that 


dy 0 ¢, | = | a, 0, | © Gy 0, | € (ly Dy | 
Gy Dy Co Gy Dy (ls Ds as Us 
(ls Ds Cs 


From this it appears that a determinant of the third order can 
be decomposed into determinants of the second order, each 
multiplied by the elements in order of the last column, begin- 
ning with the last element. Since any column may be made 
the last, 9, the assertion just made amounts to saying that 
a determinant of the third order may be expressed in terms 
of determinants of the second order and the elements of any 
column. | 
The reader will readily see how the determinant factors of 
the expansion in the present article are obtained from the 
original determinant. For example, the cofactor of c, is ob- 
tained by striking out the row and column in which c, is found, 
and regarding what is left as a determinant of the second order. 
Thus, 
, a, by & 
ie br-tr 
b; ¢s 
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15. The following convenient rule for the complete expan- 
sion of a determinant of the third order is indicated in the 
accompanying diagram, and is described as follows: — | 

The terms composed of ele- 
ments of the principal diagonal 
and of the minor diagonals 
parallel to it are positive, while 
those formed of elements in 
the secondary diagonal and the 
minor diagonals parallel to it 
are negative. The elements 
pierced by the double lines 
compose the positive terms. 
The elements pierced by the 
single lines similarly consti- 
tute the negative terms. In accordance with these directions, 
the expansion of 


ty Dy CY 
Gb 65 Ca 
[ Obs b; Cz 


is Cy bo C3 + Co bs Cy “hb Cbs b, CsA Dy Cy — As b, Cy =O O55. 


This is identical with the expansion already obtained in 5, as 
it should be. 


EXAMPLES. 


1. Find the values of: 


—4 —6|; 25 181; la 61; |a+ 6 61; |a —6 Gi; 
ee: 49°75) |ba i: $26 b) 268 
Z 
—10 —6|; |7 1]; ere eee 
8 —3 eeeul) 0 4 iE 
. UD sea 


2. Write in determinant form : 

7;5;16; —18; xy—ay; 8a— 7); & —bd; a 3gh — xy. 
cl 

=< 


9 |* 
other forms could, of course, be given for the same quantity.) 


(Suggestion: —7=3 x 2—(1 x —1) = : Numberless 
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3. Without passing from the determinant notation, show 
what relation exists between 


}a,6,| and }b,a;;- Also| we y|/and|mn/|. (9.) 
| (ly Dy Eas | mn ae 
4, Compare a bland ja ec}. 
cd bd 
Also compare a b|, |8a 36], and | 3a b : 
ries Sis) Ree ea oa 


5. Write the expansion of the following determinants : 
(zs); (1 Dy) 5 | Ay, Oy Cn | 5 | (ly Dy Cy | 5 (dz 05 1) 3 | Oo C5 Gy fe 


5. Find the values of : 


[12 3];|478 -la 00]; 100 al; la0cl; lade 
1/4 5 6 0.3.6 050 Cer) b6 0b 6. 00 
Be eS) (05-9) [00 6) 100 b4ol © 0G |e ab 
7. Compare a0 Candie 0 0i- 
dof ae i 
g 0k ghk 
Also compare adxmb'¢|-and {a6 cf. 
d me f dey 
g mh k ghk 
Also compare @, b, 6; | and 4-6, ds Gs |. 
Oly Dy Cy D, 0, bs 
Az bg C3 | Cy Cy Cy 


8. State the probable theorems exemplified by the results in 
Ex. 


~I 


9. Find the value of # in the equations : 


Chet 2) = bai): (2) Gi —~ 4 is Oe 
it~ 156 aes 3 2 

| ies dee 

(oy iota cL) ==. 03-4) [ao dee = bbb ee 
AM ed a vo ara) 
bbe O78 eb Ob 
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10. Find the complete expansion of 


a, b, ¢, d, | =|a,0,¢, d,|. (6, equation (R), ef. seg.) 
Gi, (0; Cad, 
Ay, b,, Cr d, 
a, 0, Cy Uy 


(sYarMiye mis) 


11. Write in determinant form, square notation : 
(1) bfg + eid + heck — hfd — ecg — bik. 
(2) My Ng%3 — My Ngo My Ng, —~— MgNy 73+ Mg Ny 72— MgNg?y. 
(3) Sayz — a2 — a — 2. 


12. Employ 9 to compare the following : 


a bc} and G efl;|mno|andilon m|; 
de f Him) |\pgqr r g=p 
ghk q\bo| {st uv ut s 

mno;]and|o m ni. 

PA Y pq 

St wu ust 


13. Expand the following in terms of determinants of the | 
second order and the elements of any column (14). Verify 
the results by making use of the rule in 15: . 


Gy Oy Cy 31 ey Yo. Mgt © 1-0, 0,0, 1 
Gn On Cy 23 Ys Mz As Dg Cs 
M3 bg C3 | | &y Ys Mg (lg Dg Ce 


. 14. Count the inversions of order in 
(a) 1854267 
(6) 2361457 
(6) 0 See amen 
(dq) 7896538421 
(e) 987654321 


CHAPTER II. 
GENERAL PROPERTIES OF DETERMINANTS. 
. | Notation and Definition. 


16. The investigations of the preceding chapter have revealed 
the fact that a determinant of the second, third,. or fourth order 


is a function of 2’, 3’, or 4’ quantities respectively, and have also 
established a uniform law of formation for these functions. In 
order therefore to investigate the properties of Determinants in~ 


general, we have but to consider a function of x? quantities 
whose law of formation is given in the following definition. 


17. Derinition. — A Determinant is always a function of x? 


‘quantities. These quantities, called elements, being arranged 


in the form of a square consisting of n rows, and thus also of 
~n columns, ” quantities in each row and in each column, the 
determinant of these n? quantities is the sum of the terms 
formed as follows:* Each term is the product of » clements, 
so chosen that there is one element from each row and one 


from each column, — but’ two elements from the same row or 


column must never occur in any one term. The sign-factor of 
each term is (—1)’*%, in which ? is the number of inver- 
sions of order; of the rows, and % is the number of inversions 
of order of the columns, from which the elements composing 
the term have been chosen. 

Note. — Each term being composed of » factors, the deter- 
minant is said to be of the ath order or degree. es 


a a a En yh ei aL 


* 22 et seq. will show that the law of formation given in this definition’ 


is the same as that already observed in determinants of the 2d, 3d, and 
4th orders (3 to 6 inclusive). 
t 5, footnote on inversions of order. 


neonate 
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18. To expand |a 0 c| by the definition, we may select any 
def ; 
mn Oo 


row, as, for instance, the second row, and using each element * 
of that row in turn, according to the directions given, we shall 
form all the terms of the determinant. For the first term, then, 
taking d as the first element, we see that we can take b and o 


abe ‘ 


for the other factors of a term, and no more, since we have 
then chosen one element from each row and one from each 
column, and no two elements are from the same row or column. 
We now have the term dbo. To form another term containing 
d, we can evidently take m and c, giving the term dnc, which as 
before contains an element from each row and column, and no 
two elements are from the same row or column. No other 
terms containing d can be formed. ‘The terms containing e are 
in the same way eao and mec; the diagram will sufficiently 
explain the manner of obtaining these terms. 


abel 
“d-¢-f 


Mm nN O 
J 
-The terms containing f are likewise naf and fbm. 


a b é 
-d-e-f- 


mn o 


To. fix the signs of these terms, we will write under each 
term the numbers giving the rows and the numbers giving the 


* There is a difference in the nomenclature. What we have called 
elements some authors call constituents, and an element is a term. 
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columns from which the elements have been taken, and opposite 
each series the number of inversions... Thus: 


dbo dne eao mec nat fom 
Rows 213—1 2381—2 213—1 3821—38 312—2 213-1 
Columns 123 —0 123—0 213—1 123—0 213—1 321—83 
The sum of the inversions of order in rows and columns of the 
first term is unity; .. (—1)?=—1, and dbo is negative. In 
dne the sum of inversions of order in rows and: columns is 2; 
“.(—1)?=1, and dnc is positive. Similarly for the other 
terms. Affecting the terms with their proper signs, 
a b ¢| = —dbo + dnc + eao — mec — naf + fom. 
al 
mn oO 

ScHotium. — This illustration is inserted only to give the 
reader a clear idea of the meaning of the definition, and not 
because we really employ the definition in the practical expan- 
sion of determinants. In fact, the great beauty of the deter-/ 
-minant notation is that we are able to conduct most of our) 
investigations with the help of determinants without requiring| 
the expansions at all. In case it becomes necessary to expand 
a determinant, we have several excellent methods to be given 
later. One method for the expansion of a determinant of the 
third order has been given already (15). 


19. In accordance with the notation already exemplified in. 
Chapter I., a determinant of the nth order is written 


Cy by Cy eee bi e 
Gh Dae Coacenin ty 
Me Od Cs cn ihe 
OU Ca vhs ces 


This form is shortened to (a, 0,¢;...1,) or |, b,¢,...1,|, or to 
x++a,b,c,...l,. In each of these shortened forms those ele- 
ments occur which occupy the principal diagonal* in the square 
arrangement. The form = + a,0,¢;... 1, 18 suggestive of the 
manner in which the function is formed. The = + stands for 


ies a IN 


¢ ™), 
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the sum of all the terms that can be formed from the principal 
term by permuting the subscripts and prefixing the proper sign 
to each. (23.) 

Another and very convenient notation is obtained by employ- 
ing a single letter affected with two subscripts; the first sub- 
script giving the row, and the second subscript the column, in 
which the element occurs. Thus: 
yy Ayy Ayg ..» yy, |. 
Choy Clg Clog +++ Ayn, 
Ce Ugg Cg ies ie. 


a 1 Aga 6 aay onct dices 
This form may, like the first, a shortened to | dy dg... Cnn | 5 
(yy Clog Ogg +++ Onn) OL BS HE Ay Age Ags ++ Ann» It may also be still 
further abbreviated to\-a,,+-— A modification of this notation, 
with the two subscripts, consists in omitting the letter alto- 


gether, and writing the determinant thus : 


(2,1) (1,2) C,3) -.: Ayn) | of} 11 12°13 2S a 
yay OF Bg 2 aN Oss BY as ye 8 | 21.22 23° 
(8,1) (8.2) (8, 3) nev (30,7) 31 32 33 ... 3n 
| (n, 1) (n, 2) (n, 3) hes (n:n) | nin2n3... nn 
Of ainallysef I 2 Oe... at \: 
VALS sens 


These last three forms are called the umbral notation. 


20. The following corollaries flow from the definition in 17. 
They are obvious upon a moment’s reflection. 

Cor. I.—The principal term is always positive. 

Cor. H.—If each element of a row or of a column is zero, 
the determinant vanishes. 


General Properties. 

21. Turorem. — Jf in a series of integers which are all, 
different, any two are interchanged, the others remaining undis- 
turbed, the number of inversions of order is Bee increased or 
diminished by an odd number. 
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Let the series of integers be Ae Bf C, in which A is used to 
denote the series ayx ... preceding e, B denotes the series hq... 
between e and /, and C the series following /f. 

In the first place, it is evident that if any two adjacent 
_ integers are interchanged, the number of inversions of order 
is thereby increased or diminished by unity. For let vm be 
any two adjacent: integers in a series. If we write mv, we 
introduce one inversion of order if m>v. Or, if m<v, we 
have lost an inversion. Now, since this change cannot affect 
the rest of the series, we have increased or diminished the total 
number of inversions in the series by unity. 


Again, in order to interchange e in Ae Bf C, with f separated 


from e by k, intervening elements, we may first interchange e 
with the elements to the right in regular succession k + 1 times ; 


this brings e into the place at first occupied by f. Then, in. 


order to transfer f to the place formerly occupied by e, we have 
to pass f over k elements to the left. Altogether, we have 
changed the number of inversions of order from odd to even, 
or from even to odd, 24+ 1 (an odd number) of times. Hence 
the proposition. 


22. THEeoremM. — The number of terms in a determinant of 
the nth order is 1-2-3+-...n=n! 


The simplest way to form the terms of a determinant accord- 
ing to the definition, is to choose the elements from the columns 
in order; that is, the first element of a term from the first 
column, the second element from the second column, ete. 
Choosing the elements in this way, we may take the first ele- 
ment of a term from the jirst column and third row, say, the 


a 


next element from the second column and any row except the © 


third, the next element from the third column and any row 
except those already selected, and so on, until all the columns 
and rows have been drawn upon. The numbers of the rows 
from which the elements are chosen will constitute a permu- 
tation of the numbers 1, 2, 3,...”, and it is obvious that 
we can therefore select the elements to form a term in as 


‘ 
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many different ways as there are permutations of the first n 
numbers, that is n! There are accordingly n! different terms. 


23. Cor. I.— The terms of a determinant | a, 0)¢, ... J, | 
may all be obtained by keeping the letters in alphabetical order 
(i.e., choosing the elements for each term from the columns in 
order), making all the possible permutations of .the subscripts, 
and prefixing the sign + or — to each permutation, according 
as the number of inversions of order is even or odd. Since 
the expansion of a determinant in accordance with the definition 
would also be obtained by keeping the rows in order, and 
choosing the elements from the columns in all possible ways, 
all the terms of | a,b,c; ... J, | can be formed by permuting the 
letters, keeping the subscripts in order, and prefixing the sign 
+ or — to each permutation, according as the number of in- 
versions of the letters is even or odd. 


24. Cor. II. — Similarly, the terms of | a,,,| can be formed 
by making all the possible permutations of the first set of sub- 
scripts and keeping the second set in order; or the terms may 
be obtained by making all the possible permutations of the 
second set and leaving the first set in order. pede 


Illustrations: To expand | @;o,|, we may write the permu- 


Ay Doty 

, A, bg eh 

tations of the subscripts in a column, and indicate the number 
of inversions of order in each by a figure placed at the right; 
or we may write the permutations of the letters in the same 
way. Thus: 


1 eel ee tO Gi Oe 
1° Dare! Ch Chee ed 
Os oe e ope PCO Ra cae al 
Broalowieco De Waete 
yes a) bee ete CO ete 
D slates seen CD Gah ee 


The two expansions are accordingly 
A by Cz — A Ds cg 4 Az by Cg — Ag Ogey + aydsey — Mb, Cs, 
Cy DoCs = Oy Cob, are Dy Ay Ce + DCs CAs of Cy Ay Ds a C1 bo As. 
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To expand | Gy. dss] according to Cor. II, we have simply 
to write the elements for each term with one set of subscripts 
in order; thus, 

Ay Ay Mg, Ay Mey, Uy Ag Mg, Ay Ugg, Ay Ag Ag, My Ag As ; 
and- then for every term, according as we choose from columns 
or rows in order, write one permutation of the numbers 1, 2, 3, 
before or after the subscripts already written, obtaining 
Cy Ugg Mag — Ay Ugg a3 + Ug1 Ag Mog — Mg Moo yg + May Alga Ag — Ag] Ae 33 
or 

(yy Clgg Cg — Alyy Ag Aga — Ay yy Ugg -- Ayp gg O31 + yg boy Agg — Cyg Ugg Agi. 

25. THeorem. — In any determinant, if the rows in order 
are made the columns in order, the determinant is unchanged. 


The theorem is an obvious consequence of 23 and 24. The 
following proof is based directly upon the definition. Consider 
the determinants A and A’, which differ only by making the 
rows of the one the columns of the other. Every term of A 
contains an element from each row and column of A; hence it 
contains an element from each column and row of A’, and is 
therefore, disregarding the sign, also a term of A’. Similarly, 
every term of A’ must be a term of A. We have now to show 
that the signs of corresponding terms are alike. Let the num- 
bers of the rows and columns for a term of A be 

Gs yr erty Used Lor tile: rows; 

ft. th; 8m, .2. for thé columns. 
Then, by hypothesis, the numbers of the rows and columns of 
the corresponding term from A'will be 

Rely (Os Syl, acc LOL LNG TOWS 4 

a, y, B, tT, o, --. for the columns. 
The -two terms obviously have the same sign. Hence the 
proposition. 


Illustrations : 
yy Ayg Ayg Ayy | =| Ay Ay Ag, Ay | 3 | My 0, cy, dy | =| Ay Ay Ay My]. 
C51 Ugg Ag Oo, Ay2 A99 Age (49 Ay, Dy Cy Ay by bg bg dy 
gy Aggy Ugg Aga - Ay3 Meg gg Ags Als Dg C3 As Cy Cy Cg C4 


| yy Ago Ugg Chay | yg Ogg gg Ugg | Oly Dy Cy ly dy dy d; dy | 


‘ 
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26. Turorem. — In any determinant the number of positive 
Jerms equals the number of negative terms. 


By 23 all the terms of a determinant can be formed by keep- 
ing the letters in order, and making all the possible permuta- 
tions of the subscripts (or 24, case of the double subscripts, 


by keeping one set in order and permuting the other set). We 


a! n! 


0 
have to show, therefore, that > permutations are even* and > 


are odd.* Let # and y be the number of even and odd per- 
mutations respectively; then «+y=n! If we interchange 
any two subscripts in each of the « even permutations and in. 
each of the y odd permutations, the even permutations become 
odd and the odd even. Since by the interchange of two sub- 
scripts we could only reproduce permutations all different from 
each other, and already found in the original set of permuta- 
tions, 1t follows that «= y. 


27. ‘THEOREM. — If two parallel lines (rows or columns) of 
a determinant are interchanged, the sign of the determinant is 
changed, but its numerical value ts unchanged. 


Let A be the given determinant and A! the same determinant 
after the Ath and rth rows have been interchanged. Then 
—A= A’. 

Let T= + Ad, Bm,C be a term of A, in which A, B, and C 
denote the product of elements ‘from all the rows and columns 
except the dth column and Ath row, and the mth column and 
rth row. Then 7’ (disregarding the sign) is also a term of A’, 
for it contains an element from each row and column of A’. 
Now 7, regarded as a term of A’, contains exactly the same 
inversions of the columns as it does when regarded as a term 
of A; but the number of inversions in 7, as to rows, when 
considered as a term of A’, is an odd number, more or less, 
than when considered as a term of A. For, in writing the 
numbers of the rows, to determine the inversions, we write 


* This language, of course, signifies permutations in which the number 
of inversions of order is even or odd respectively. 
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them just as we would for A, except that k and + will have 
. ¢hanged places (d, being found in the rth row, and m, in the 
kth row of A’). Thus every term of A is found with the oppo- 
site sign in A’,..—A=A'. By 25 the proposition must be 
equally true for an interchange of two columns. 


Tllustrations : 


— | a by ey | = — [Deeg + Ay bg¢, + a3 b, 65 Gy Drea 

(ly bg Cy . Gen 
— 3 De Cy — A 01 Cy — hy Dg Cy | =| 2? 2 

ly Dy Cs 39201 2,9) Cs 1% 2 | Ay Dy Co 

Cy bj Cy dy — Cy b, Cy dy — | Cy b, Cy as — Cy d, Cy by |. 

Gy Do Cy Ay Gly Oe Cy Ay Gs Ox 65 Os Os As Cy Os 

hs Os Gx 7 9 OO; Cea | hy Oy C4 Oy Gy, 04 0, 

Gy.0s 6, a Cbs bs CG Cie Co: Ay Uy Cy dy 


(a, doC ay — (aD, C34) hor 6, 0,) = — (dy by, dy.) = (a, Daeg). 


28. Cor. — If two parallel lines of a determinant are Aden- 
tical, the determinant vanishes. 

For, by the proposition, if the two identical rows or columns 
are interchanged, the sign of the determinant is changed. But 
the interchange of two identical lines cannot affect the deter- 
minant. ‘Therefore 


A=-—A, 
De OF Aren't). 
Illustrations : 
|a bc |= aee + dbe + abf — aee — dbe — abf=0. 
des 
GU.e 
Ger th = | By Uo Oe Ay. | = 0; 
Ug Dy i) ds a * by Dy Ds 
Qs 05 Cy Oe Gr CarCe Ct 
Oy Of eed, dy dy de dy 
(dy by Cy dy) = 0. | a Dy dy dy | = 0. 


29. If in a series of integers, 


JR, 0, 6, tM, Te, 
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the first is passed over all the others in succession to become the 
last, the others remaining undisturbed, thus, 
Q, a,c, 1, Mn, f, 

the numbers are said to have been cyclically interchanged. It 
is obvious that a cyclical permutation of n given numbers 
can always be effected by n —1 interchanges of two adjacent 
numbers. Accordingly, a permutation containing an odd or 
even number of inversions still contains, after a cyclical inter- 
change, an odd or even number of inversions if » is odd; if n 
is even, however, a permutation containing an odd or even 
number of inversions will; after a cyclical interchange, contain 
an even or odd number of inversions respectively. 

From a given permutation of integers any other permuta- 
tion can be obtained by cyclical interchanges. Thus, from 


fadcegbdb 
we get cagfdbe 
as follows : — cfadegsd 


cafdegb 

cagfdeb 

cagfdbe 
The groups in which the cyclical ee take place are, 
of course, fadc, fa, fdeg, f, d, eb. 


30. The previous article (or 27) establishes the elonite 
theorem : 

THroreM. —If in a determinant A any row or column be 
passed over & rows or columns in succession, and the resulting 
determinant be denoted by A’, then 


A= ( ae | yi Al. 
Illustrations: 
Wy Yr % ty | =| Wy Ys 2g tg | =| Wy ly Ys 2% | = —| Mh Y, % |. 
Lg Yo %o by UY % bh Ut Y) % Ly ty Yo Bo 
U3 Ys 3 ts Le Yo @ to Uy by Yo Ms Uy by Y4 % 
Uy Ys Xa ly Uy Ys %s by Hy by Ya %e Uy ty Ys Zs | 


| % Yr Vy Wy | = —] ay Yo Vz Wy | = —| Vy Lo Ys Wo | =| 2 Yo Wy U |. 


a 
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EXAMPLES. 


1. The student who has not done the examples at the end 
of the first chapter may attend to them before proceeding to 
the following. 


2. What terms of | a, b,¢,d,| contain b, d;? 
3. Write the terms of (@ Y2w;2,t;) that contain 4 y, ws. 
4. Show that in a determinant of the nth order only two 


terms can have (7—2) elements in common, and that these 
terms have opposite signs. 


5. What is the sign-factor of the term containing the ele- 
ments in the secondary diagonal of a determinant of the th 
order? 

6. Show that the sign of a term is independent of the 
arrangement of the elements composing it. 


PF. 


7. Show that the sign of a determinant is not changed by 
any interchanges of rows and columns that leave the same 
elements in the principal diagonal, whatever the final arrange- 
ment of the elements in this diagonal. 


Sug. If digg ayy Waa +++ 4, be the final arrangement sought, 
Age can be brought into the first place by 2(@ — 1) interchanges 
of two rows and columns, ete. 


8. A corollary from 30 is: Any element a, can be trans. 
ferred to the first place by making the ‘th row and kth column 
the first row and column, and then multiplying the determinant 


bye ty. 


31. THEorREM. — If every element of any line (row or column) 
is multiplied by any number, the determinant is multiplied by 
that number. . 

Since every term of the determinant contains one element, 
-and only one, from the line mentioned in the theorem, the truth 
of the proposition is evident. 
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Llustrations : 
ar brar|=r|a,6,¢,|=| a, dr¢|=r hy o 
Gs. Do Ce Gy Dg Co la Dol? Co Seo alle 
dg Os © | Als bg Cs | Gg Oc? Cy doy 
? 2 2 
7 bs C3 
A =\be a a*|; then abcA =| abc a’? a? |; -. A=|1 ae 
ca b b? abe 6? b? 16° 
abe -e abe € oe Bice: 
Let the student show that 
bed a @a®!=/1 a a a’ il. 
eda b bh? bP 1 Dee? o 
dabc 2 33 te ee 


abe d ad? dad} todo 


32. Cor. I. — Changing the signs of all the elements of any 
row or column changes the sign of the determinant; for it is 
equivalent to multiplying the determinant by — 1. 


33. Cor. II. —If two rows or two columns differ only by a 
constant factor, the determinant vanishes. For we may divide 
each element by the constant factor, and write this factor as a 
multiplier before the determinant. Then the determinant van- 
ishes by 28. 


Illustrations : 
a Bs ha =a"ia1 1 |=0. 15 7/=51117)/=0. 
ba att! baa 2106 224 
Cara" 2 Ca a" 8.15 9 839 


34. THrorem. —T/f each element of any line* of a determinant 
is a binomial, the determinant equals the sum of two determinants ; 
the first of which is obtained from the given determinant by sub- 
stituting for the binomial elements the first terms of the binomials, 
and the second determinant is obtained from the given determi- 


* Since it has been shown (25) that what is true of the rows of a 
determinant holds for the columns, it will only be necessary hereafter to 
state a proposition with reference to either rows or columns. . 


GENERAL PROPERTIES OF DETERMINANTS. 29 


~ nant by substituting for the binomial elements the second terms of 
the binomials. | 
By the definition every term of the determinant must contain 
one of the binomial elements. 


Let (m+n)bghk... 1 
be one of the terms of the given determinant; this may be 
written m OG ies. t+ 1-0 g ht hele t 


Now the first term of this sum is a term of the original deter- 
minant, with m written for m+n, and the second term is a 
term of the original determinant, with n written for m+n. It 
is obvious that’a similar statement applies to every term of the 
given determinant; hence the proposition. 


Illustrations : 
(ty + ay D, Cy =| Cy Dd, Cy + Oy D, Cy e 
— Co + ag by Cy Cs by Cg 9 bs Cy 
(lg + as b, Ce Cs bs Cz Ag bs Cz 
| ty — Yy My My =|X% M, %|—lY, My NI. 
| @— Yo My Ny Oy Nig Vs Yo.Me Ny 
eae Ms Ns Ge Nia Ths Ya Mis Ns 


35. The preceding theorem is evidently capable of extension. 
The same reasoning applies to a determinant any line of which 
is composed of polynomial elements, or, again, in which each 
element of every line is a polynomial. That is to say: If each 
element of any row is a polynomial of q terms, each element of 
another row a polynomial of r terms, each element of another 
row a polynomial of s terms, etc., the given determinant is the 
sum of sXqXr... determinants. Thus: 


atbob+te m—n tl=la m—n ti+| 0 m—n t 
— ld+e—f o+p u d o+tp wu e o+tp wu 
ig—-h+k q—r v| |g gq-r v| |-h q-r v 
+| ¢c m—n tl=|a m t|t+la—n t/+| bm t 
—f o+tp ul \dou| |d. pu eo u 
Ko Sa Oi |g gh g—r v} |j-hq v 
+) b—n ti|+ em t\+l c—n tl. 
Cie tl —fou| |—f p u 
—-h—r v bagty k—r v 
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36. Reciprocally, Jf q determinants differ from each other 
only in a single line, the sum of these determinants is a single 
determinant, derived from any of the given determinants by sub- 
stituting for the elements of the line which is different in each 
of the q determinants, the sum of the corresponding elements of 
the q determinants. — : 


Illustrations : 
@b¢)4- | abe|tinno|= d b C : 
def CU abe d+x—-m e+y—n f+z—0 
gh H | ghk ghk g h k 


The student may show that 


Oy <Ohy Op Cy ee yy ec, 0 cae te 

(hs Sin ae Go Oy Cy O 

Oita) lig) Cs Gg.0g- Ca Os - 
OF Awa ney Gy. Oye Cs. hs 


37. THEeoreM. — A determinant remains unchanged if the 
elements of any line be increased or diminished by equal multiples 
of the corresponding elements of any parallel line. 


We are to show that 


Cy Oye Gy Oy een Sy Oy CE Quy ce G50; ase yp eee 
Cs bs Cog dl, eee l. 6) De Cet Oy Wart Go Osi race te dls SAC ip 
GaUemrGie, os as Ga =Ot OSE aE a0 ee nla 


o 


dt, Di ¢, d,, ete bn Cy ’ b,, Cy ac AM, se (ob, Si ere ae li, d 


Calling the first determinant A, and the second A’, we have, 35, 


A'l= Cy Ds Cy dl, eos l, + Gy Cy by Oy dl, eee 1 
oy JON Cys: «> My Oh, Og her eee 
CE AO EGR apart: Cp Don tian 2 eal 
Cnty MUO eas ta a Saas se fe di, Rene 


Whence, since all the determinants of this series, except the 
first, vanish, A= A’, 


- 
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This theorem is of great importance in simplifying and ex- 
panding determinants. Thus: 


1 a b+cl|=|1 aa+tb+e\;=(a+b+ec)\1la1/=0. 
1 bc+a 1b a+b+e a ee | 
1ca+d 1 ¢ a+tb+e Poel 


=|3(a+1) 3(a4+4) 3(a4+7)|= 
a+tia+t4a+7| a+il a+4 a+ 7 
a+2a+5at+8) a+2 a+o a+s8 

The second determinant is obtained by adding the second 
and third rows to the first row. 


it 


—1. 1 1 1f{=j/—1111/{/=—|02 2 /=—8|011/=—16. 
Pee 0.0 2 2 202 TOek 

fy —1- 4 0202 220 PRIS 

FJ 1 1 | 0220 


The second determinant is obtained by adding the first row to 
each of the others. 

The third determinant is obtained from the getona by ob- 
serving that as all the elements, except one, of the first column 
of that determinant are zeros, all the terms vanish that do not 
contain (—1). 


7 11 4/=3/7 11 4/=3)% —10 —10 ec 10| 
13 15 10 18 y * : a —16| |24 16 
3 9 6 0 | 


=30 (16-24) = —240. 


The third determinant is obtained from the second by subtract- 
ing three times the first column from the second column, and 
twice the first column from the third. 


Minor Determinants. 


38. If in a determinant any number of rows and the same 
number of columns are suppressed, the determinant consisting 


_ of the remaining elements (their relative positions being undis- 


turbed) is called a minor of the given determinant. 
If one row and one column are suppressed, the result is a 
principal minor, or a first minor; if two rows and two columns 
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have been suppressed, a second minor; and soon. The elements 
common to the suppressed rows and columns also form a deter- 
minant called the complementary of the minor, formed from the 
rows and columns that were left fee in the original 
determinant. 

Thus, | a, 0, Co Ay 
As Ds C, dy 
| a, by ¢3d,|; also | a, b.| and |e, d,|, or b, and |a,¢,d,|, are 
complementary minors of |, 0,¢3d,|. | & ds b,es| are. 
| complementary minors of |a,0,¢;d,e;|. In general, if the 
Ad determinant is of the nth order, two complementary minors will 
be of the rth and (n — r)th orders respectively. A determinant 


\ of the nth order has n? first minors, me cn)? 
bee kee 
etc. 

Since we usually denote a determinant by A, it is convenient 
to denote the minor obtained by suppressing the row and 
column of a; by A,g,; that obtained by suppressing the row 
and column of d, by Ag,, ete. 

Similarly, a second minor, obtained by suppressing the rows 


and are complementary minors of 


1 
)” second minors, 


and columns of 0, and c,, is denoted by As,.c,; and so on. rp \ 
Equally efficient notations are : D a and D Were ‘. ui) \for the bs { me 
3 NC: / 
minor obtained by suppressing the /th row and ai column, Dp } 
NW 


and the minor obtained by suppressing the /th, nth, and ¢th 


rows, the mth, rth, and Ath columns respectively of | a,,|. | on 


‘Ss 
39. Since, by definition, every term of a determinant con- _ 
tains one, and only one element from any line, the determinant 
must be a linear homogenous function of the elements of any 
* one row.or column. Thus: 


| Gy By Cg «+. U,, | = Gy Ay + Oty Ay + 3A, +++» +, A, 
=44A,+0B+4O+--+4 L, 
= .€, O + c O; + 3 C+ --- + 6, C, 


y] 


in which A,, A,....d,; Ci, Cy...C,,; etc., denote functions of the 
elements found in the rows and coiumns outside of the particu. - 
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lar line, in terms of which the development is given. In the 
next article we shall find the values of these functions. Since 
we may regard the determinant as a function of n? independent _ 
quantities, each of the coefficients A), A,, .... may be obtained 
by differentiating | a, b,c Gpiethe! with reference to the quantity 
whose coeflicient is desired. Introducing this concept, the 
equations above written become oe 


| ty Dy cg. 1,|= 4 a +m el ce eee et Ae 
= da, 

- dA 

= d,— — i ——= eee / — 

: day, Pe ; zD : o oa i : dl, 

dA dA da 

= ¢, — a eee = 

ae ee Ss are oe 


This notation is often employed. 


40. THEOREM. — The coefficient of any element in the expan- 
sion of a determinant is the first minor obtained by suppressing 
the row and column to which the element belongs. This minor 
is taken with the + sign, if the sum of the row and column 
numbers, to which the element belongs, is even; with the — sign, 
if this sum is odd. 

Consider the determinant A= S+a,bc,...1,, and suppose 
A to be written, 

Weegee Oy Ase Os Ago ose Ace (1) 

We can collect all the terms of A that contain a,, and write 
this element as a factor of the polynomial that results ;. we can 
do the same for as, a3, and so on, for each element of the first 
column. These polynomials are A,, Az, A;, etc. Now since 
A, is the cofactor of a,, it can contain no elements from 

the first oat or column; hence aA, can be obtained from 
Sta, b,c,... 1, by considering a, as fixed, and making all the 
possible Usiuniatons of the subscripts of the remaining letter ie 
i.e., by multiplying a, by & £ de Cy «+ tne 

Hence, A, = Ag,, the minor phi by suppressing the first 
-row and first column of A. 


4 


tS 
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Now, we can bring a, into the first place by one interchange 
of rows: we then have A=—3+a,0,c;.../,. Employing the 
same reasoning as ee A, must be obtained by multiplying 
ad, by —3+b,c¢,...1,; whence d,=—A,,. Again, as can be 
brought into the first place by two interchanges of two rows ; 
whence A,=Ag,, and so on. Finally, a, can be brought into 
the first place by n—1 interchanges of two rows; hence, as 
before, A, = (— 1)”7'Aa,. 

Substituting these values of A,, A,, etc., in (1), 

A = Ag, — dy Ag, + 3 Ma, — ++: + (—1)"71 a, Aan: 

Since the columns may be made rows, it is evident that 

A = da Ag, — 0,40, + G Ac, — +++ + (—1)" "Az. 

It remains to be shown that the proposition holds for an ele- 
ment not in the first row or column, that is, A Li, = (—1)*** Aggy, 
for the coefficient of the element in the ‘th row and &th cqlumn. 
We may transfer the ith row to the first place by 7—1 inter- 


_ changes of two rows, and the kth column may likewise be made 


iv 


the first by k —1 interchanges of two columns. The element 
under consideration is now in the first place. Calling the trans- 
formed determinant A’, we have 


A= C= 1b) eal or A= (—1)***A", 


{Whence A,=(—1)***Aa,. 


41. Cor. I.—A determinant can be developed in terms of 
the elements of any line and their principal minors. The signs 
are alternately + and —; and the first term is + or —, accord- 
ing as the number of the line is odd or even. 


Illustrations : 
Qy D1 Cy d, — Cy Do 6) de — Cs b, Cy dy -++- Cs D; Cy d, =— C4 by Cy d, 
Qo Oy Cy Ay Ds Ce ds bs Cs ds Do Cy ds Dy Cy Ae 
ds 05.05 Ag by Cy Oy 0, 02 Oy b, Cy dy bs C3 As 
yg bg Cy Ay 


= — By] dy Cy dy |+0e | dy C3 dy | ~ 05/1 Cy dy |+04 | ay Ce As] 
= (4 |A2 ds dy | —Cy | ay b3 dy| + es ]@, Bg dy |—cy | By ds | 
= — M,| by Co As I+d,| ay Co ds | —¢,|ay be ds | +d,| a by C5 
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42. 41 obviously gives a ready way of expanding any deter- 
minant.* For we may express the given determinant in terms 
of the elements of any line and their principal minors; these 
minors will be determinants of the (n—1)th order. By a 
second application of 41, each of the minors in the first expan- 
sion may be expressed in terms of the elements of any line and 
their principal minors, which minors will be of the (n —2)th 
order. So by successive application of 41, any determinant 
may be expressed in terms of determinants of the second order ; — 
and these latter, being binomials, can be at once written out. 
Thus: 


+312 38] 
3 4 | 


i CO dO 


“99 DO 


Ais 16) 2(10-219 ee 9) = 0; 

| ty D2 Cy g|t = | By C3 dy] — Ay] D1 Cy | +. g| D1 Cy y| — 4] Oy Ce As | 

= [Dp] C314] — Ds] Co d| +0, ¢ Us| ] —da[D, |¢s 4] — 05] c, dy| +4) cde] ] 
+ Gh |B, | Cody} —bo| & Ay| +.04| C1 do] | —y[B |Co A3| —Bo| e, ds| +05] edo] | 


= 563d, — A b5¢,d — A, b50.d, + yd, ¢ydy + 0, Cod, — Ay 040d, 


= Ay dy 634 + Ayb, C,d3 + 

+ 3b, Cod — db, 04d, — 
— yD, Cys + O40, 63 dq + Ay by, dz — A409 63d, — Ugbs6, dy + yd, Cod, 
43. As another corollary from 40, it is evident that if all 
the elements of any row of a determinant except one are 
zeros, the determinant equals this element into its corresponding 


minor, taken with the proper sign. Thus, if the element is in. — 
the ith row and kth column, 7.e., a;,, then A=(—1)** a, Aa: / 


Illustrations : 

a6 43 |=—206.4 3 |= —2| 0—2 —3 sg eae —3/=6. 
2000 111 tied Lice ores 
2S Sn D2 le () at i) 

Acie 254 


* Compare 15. | + Compare 6. 
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The student may establish the following : 


Ot oy. Oy | 0 ete. O- 020 din= G70, Ga. 
0 by Cy dy 0 0 c dp 
0 0 eds 0 0; ¢ ds 
0 00 d, ots Oey by Oy 


44. From the last two examples it appears that if all the 
elements on one side of either diagonal are zeros, the determinant 
reduces to a single term, viz., the term composed of the elements 
in the diagonal which contains no zero elements. 


XAMPLES. 
‘ : 31-52 
1. Show that the following determinant vanishes : : , : 4 : 
23 De hee Mis ied a 61521 9| 
—4-—3 8 dare Pies ; 
6 5 —9 ie) Fe 
3. Show that |a By 1 
! f f l 
cB YI Se Box aap 


This can be readily established by multiplying the columns 
by By, ya, a8, respectively, and then dividing the first row by 
aBy. A similar reduction can be effected, in general, whenever it 
is desired to reduce a determinant to one in which the elements 
of one line are units. : 


4. Find the expansion of A= 


4 § 
1 
fo 


We notice that 20 is the L.C.M. of the elements in the first 
row; hence, multiplying the columns in order by 34, 10, 4, 2, 
there results . 
Se 1 20 20 20 20 ier 
“Bs 10% de Oo Oza ara oO 

50-3020 210 ri 
0 20 20 16 0 
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Now, subtracting four times the first row from the fourth 
row, two times the first row from the third row, and six times 
the first row from the second row, the last determinant becomes 


eee eed ee | eS hee. FT 8 
—1 4 180 | 5 4 —2 —5 6° —2 
7G ae ee Mua ss 
—41 1 0 
S671 =—7|=—6 1.64 —T l= 384, 
= a | i) 1 
POM Geta da Leas ol 1 1 : 
By by bs} Ay Ay lg | 4243 Bb, 1030, Ay M26 |’ 
Cpa C, Tg Wg Gi, Ey Ge Co 0 Og Cy 
also OG, 4;);=/0 1 ; apes 
b, 0, bs 1 Ag bo, yb, ¢, 
Gy Care, 11 agb, Cg Ay Cg 
[=(B— y)(y— 2) (2-8). 


and a — y must be factors of A. Now the product of the three 
differences is a function of the third degree in a, B, y; so is A; 
hence the product of the three differences can differ from A only 
_ by a constant factor. Comparing the term fy’ (the principal 
term), we see the factor mentioned is + 1. 


7. Show that 


Peete) = (8 —y) (asd) (y 2) (8 — 8) (a-—B) Gye 
a B y 8 
a pb y O° 
| a 6° ¥ 5° | 


Notice that Examples 6 and 7 give in determinant form the 
product of the differences of the roots of an equation whose 
roots are a, B, y, ..- 


8. Expand |8 7 2 20|; also; 1 a= fl. 
8314 7 —a 1 y 
dU B -y 1 
SI Ob 


* Compare example 3. 
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Expand the first determinant in terms of the elements of the 
third row and their principal minors, since two of these elements 
are zero; then observe that two elements in a row of each of 
the resulting determinants are unity; hence, each determinant 
can be readily reduced to one of the next lower order by 35 
and 42. 


9 |0 6b d|/=CCW4+0VC+Cf? — 2 beef — 2cafd —2adbde. 


Gs 0. 5Gr—@ 
OO aD 77, 
06-0 
10. Expand |—-a 6b c¢ 4d}; also MMe NC © Lilies 
b—-a d e —a 1 y' —f' 
6E.2h =a bY —B-y 1 @ 
d! 04 Bb =@ —y B-da 1 


11. Establish the following identity, and express either 
determinant as the product of four linear factors : 


OPiS Ai a ero ace 
Lee ae a O Czy 
Reaver 420 e 
Weg a8 p2y «0 


12: Simplify | a,+th+th, agg th+thk, a, th,+ Irs 

Dy thetAh, by +hetkhy b3+ ho ths 

ths th, Cthsthy ¢3+hgt+hs 
1 i 1 


i 


13. Show that|ae ytz2z+t a+y z+t)]=0. 
Y Z£oeiterybhe te 
Ge) it~ BAG bial ay 
t vwty+e2 t+a-y+z2 
14. Express as a single determinant : 
(1) | ay By 65 | +] dy by ¢; | —| ag dy C5]. 
(2) | dy bye; | —| dp Dg 5 | —| ay Bs €5| +] ay be cs}. 
15. |Qy+Q.+dg Ag+d,+tdy Agta, ta, G+a,+a 
b+ bo + be bot bo+ b, bo+ b,+ Db, b,+6,+ bd, 
Cyt CoA Cg Cop Cg tly Cyt Cyt cy Gt Gt Ce 
h+dy+ds dytd,td, ds+d,+d, dy+d,+d, 
= 0) | A BoC ly I 
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: Cygime  e Beitr AvesincAd ese 4 oe a 
Coan a CsinA 1 Gael ee ee 

He Ogi cos A ~ I 
17. |atb+ne (n—1l)a (n—1)b |\=n(a+b+e)’. 


(n—l)e b+e+na (n—1)b 
(n—1l)e (n—1)a e+a+nb 


18. |(a+d)!? @ |=2abe(a+b+e)% 
a (b+c)? a” 
b? h? (c+a)’ 


19. What is the coefficient of ay in | a; |? 


20. From the first five rows of | a, b,cs dyes fg 97 hg| write all 
the possible minors that can be formed, and their complemen- . 
taries. 

How many minors, each a determinant of the Ath order, can 
be formed from any k rows of | a,,| ? 


21. If each of the elements of any line is the sum of the cor- 
responding elements of two or more parallel lines, multiplied 
respectively by constant factors, the determinant vanishes. 


[ 92. Show that 


ano a=) -0-0).0 Vee a, 0, ep yell ay by ey ey Oe 
fla Uy Co Oe Oy °C; Ag Dy Cy Yo Og Dy Cy ty U5 
lz bg Cs Wy Ug Dy Cy tz Dg Cz Ys ds 0s Cz Us Vg 
j H3 Ag Ds Cy 10 De Get OO igs Wes 
OS 0 0ert 


From this example it appears that any determinant may be 
expressed as a determinant of higher order by writing a zero 
above every column, prefixing a 1 to the row of zeros thus formed, 
and filling in the new column having 1 at the top with any n 
finite quantities. ; 


28. If in any determinant each element of the first row is 
unity, and if each element of every other row is the sum of the 
elements above and to the left of it in the preceding row, 
commencing with the element directly above, the determinant 
equals 1. 
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24. Any determinant of order n, in which one element is 
zero, is equal to the product of two factors, one of which is a 
determinant of the nth order, in which every other element of 
the row and column containing the zero is unity. 


25. If in any determinant the first element is zero, and if 
each of the remaining elements in the first row and first column 
is unity, the determinant is unchanged when each element of 
the minor corresponding to the zero element is increased or 
diminished by the same quantity. 


26. A determinant of the nth order is expressible as the 
sum of n determinants, the first of which is obtained by chang- 
ing into zero each element of any line except the first element, 
the second by changing into zero the elements of the same line 
except the second element, and so on. 


27. If in two determinants A, A!' of the nth order, the first 
row of A is the last row of A’, the second row of A the (n—1)th 
row of A’, the third row of A the (n—2)th row of A‘, and so 


: n(n 1) 
on; then A= (aay oF al, 


28. If in-two determinants A,A’ of the nth order, the first 
row of A when reversed is the last row of A’, the second row 
of A when reversed is the (n—1)th row of A’, the third row of 
A when reversed is the (n—2)th row of A’, ete.; then A= A’. 


45. THeorenm. — Jf the elements of any line in a determinant 
are respectively multiplied by the complementary minors taken 
alternately plus and minus (i.e., the co-factors) of the correspond- 
ing elements of any parallel line, the sum of the products is zero. 


Consider the two determinants, 


Avs. Gy 0p qa and As SSaae een eee 
Gigi Uae Coens take Os! Ug Gai ane 
Os Den Geass oy Va ae Te 
Co DC Read, Gj Oye Geers 
eee e880 e808 e eee eee ©8680 @©88 #8 #8 = 
Cy b n ©n : Di, | Cy, b,, Cy ses L,, 
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where A’ differs from A only in having the kth and pth rows 
identical. Employing the notation of 39, and expanding in 
terms of the elements of the pth row, 

A=a,A,+b,B,+¢C0, ++ +12L,; 

A'= 4,4,+0,8B,+¢0,+---+1£,=0. 
Comparing these two expansions, we observe that the second 
may be obtained from the first by substituting for the elements 
of the pth row of A the elements of the kth row; that is to 
‘say, if the elements of the kth row of A are multiplied by the 
co-factors of the corresponding elements of the pth row, the 
result is A’; since A’ = 0, the proposition is established. 


Illustrations : 


Tf in (ayb,¢3) = a (beC3) — Az (0, C3) + G3 (b,c) we multiply 
the elements of the second column respectively by the com- 
plementary minors of @, a, @3, there results 


Dy (by Cx ee, be Cy) Foas by (dD, Ce 7 b, ¢:) + bs (Ope, ay by C) = 0. 
Let the student prove the proposition, using a determinant 
of the fourth order. 
46. A determinant is said to be zero-awvial if each element of 


the principal diagonal is zero. Thus the following are zero- 
axial determinants : 


Cee ent. Obes 

Ug (Ow Cs (Re eer B 

sO, dy be Q ds 
ad, Uy, 0 


47. THrorem. — Any determinant may be decomposed into a 
sum of zero-axial determinants: the first of these is obtained by 
substituting zero for each element of the principal diagonal of the 
given determinant ; the next n, by multiplying each element of 
the principal diagonal by its complementary minor made zero- 


axial; the next 5 (M1); by multiplying each product of pairs 


of elements of the principal diagonal by its complementary minor 
made zero-axtial, and so on. 
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In A™ = |a,by¢; ... 1,| change the elements of the principal 
diagonal into zeros, and let As” denote the resulting determi- 
nant. Whence, 


a) 0 Cy eee ls 
Cs bs 0 eee ‘fs 
Oi, OL 5Cd fe ae 


Let A,” denote the minor of Aj” obtained by suppressing 


any one row of Aj”; Aj” denote the minor obtained by sup- 


pressing any two rows of Anes and, in general, let he denote 
the minor obtained by suppressing any 7 rows of A;”. Also 
let C, denote any product of the elements of the principal 
diagonal of A™ taken 2 and 2; C; any product of those elements 
taken 3 and 3; and, in general, C; any product of the elements 
of the principal diagonal of A” taken i and 7. Now, Aj” 
evidently contains all those terms of A” which involve no 
element from the principal diagonal. C,A;""” must be one of 
those terms of the series which involve only a single element 
from the principal diagonal of A”; consequently 3C,Aj” ” 
will be the sum of all the terms that contain only one element 
from the principal diagonal of A”. Similarly, =C, As will 
be the sum of all the terms that contain only two of those 
elements. And, in general, >C;, A“ will be the sum of all 
the terms containing i elements of the principal diagonal of 


A™, Whence, 


AM) = AS? + SO,Ay + 30,45 + 3O,A, +--+ 3C,A5 


oe eee +t > Crh + Ch 


It is to be noticed that A” a=) seitsO.g there is a break in the 


series, —there being no term containing only n—1 of the 
elements in the principal diagonal. 


lustration : 
%Y, wAl=|90 Ye) mm) 0 2) + YY.) 0 a1 4+ 2/0 yy] +2423. 
We Yo % ® O 2%, Ys 0 az O MO 
Us Y3 & X, Yo O 
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48. Turorem. — If each consecutive pair of elements in the jirst 
row of a determinant A is taken with each pair of corresponding 
elements of the other consecutive rows to form determinants of 
the second degree, and if these determinants of the second degree 
are used in order as the elements of a new determinant A', then 
A equals A’ divided by the product of all the elements except the 
jirst and last in the first row of A. 

We are to show that 


Cp.0sr )os CG lel | 
bys by Do C5 V9 re 
Mb) G .. Mh wa 1 ) 
Geeta Ts (5 bad ~ | [dy Or} | mG) ys 
“ 2 = - = 14% Cy eee deg ly 
OS NN ee dz D3| | ds Cs rs ls 
Uy, b,, Cy soe Th L, Cy Dy by Cr ri iF 
On, bn b,. Cy Vn L, 


calling the first determinant A, and the second A’. Multiplying 
the first column of A by —0,, and the second column by a, 
and adding, there results 
—bA= 0 ’ Dd, Cy tenon a : 
— gb, + a,b, Dy Gy. T by 
Bh Vile pg: « 0g) Cy sue te > e's 


Se Uist Oar Og Gately, 
Now, multiplying the second column by —c,, and the third 
column by 0,, and adding, we have 

bya A =| : 0 0 Cy «ce ni, / 
—= gD, + dy dy — bye, + dye, Cy sieis i) i 
| — 36, a,b, —b3 + BCs Cy... 73 Cs 

| —y, D+ (10, =a, Cy lie Dy Cy Oy vee Py ty, 
Proceeding in a similar manner, we have, after (n—1) 
transformations, 

== (—1)""'d,¢,d,...4,4 

= 'G () ) ) ie () Ne 
[7 aby + by — D6, + Oe) — ed, +a dy... —tMl tril. ly 
ee aur abs —b3q +b,cg — Cyd, +0, dg... —Teh +l, ls 


| — hy b, + 0, = b, 8 by One Cr dy+ d,, vee — Ty, dy ars ry l, l, 


% 
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Now, applying 43, and dividing by (—1)”1),q4d,... 4, 
we have 
fi le | ay bo | |b, Cog | eee 7) bs | aa b,¢, a, eee T15 


[ay bg | [By eg]... [71 bs | 


Lap, | Oe ae. 
which establishes the proposition. 


49. Since by the preceding proposition any determinant of 
the nth order may be reduced to one of the (n—1)th order, we 
have another means of simplifying any given determinant. 
The proposition is especially advantageous in the reduction of 
determinants whose elements are given numbers. ‘Thus: 


N17 98 eee See 
Boo adie aii 4 eae as 
1345 Ge ot ee ee ee oh 
5432 

Say Hb ee GAG 
Mies 


Here we can mentally reduce the determinants of the second 
order obtained by combining the first pair of elements of the 
first row with the corresponding elements of the other rows, 
and obtain the elements of the first column of the new deter- 
minant, thus: 1x2—3x2=—4; 1x3—1x2=1; 1x4 


—5x2=-—6. For the elements of the second column we 
have similarly: 2x1—2x38=—4; 2x4-—3x3=—1; 
23.4% 8 =— 6; and 80. on. i 
Let the student apply the proposition to show that 
Leg ek d le d= eee; alsod 10 Ae i ieee 
Rater acd Geet dig SUD Rae 
ites) fy: eh Bie se tat 
WG shai ates be ge CGS Daag 


Also apply the proposition to show that 


oO. 11d) sl 2 188, 

2 20 
4 7 
hel 


EXAMPLES. 
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MISCELLANEOUS EXAMPLES. 


1. Find the value of 


eee ema | Seto) also Of | 127-22 144 T7220: 10% 
—4 2-3 2-1 2 16—4 7 1-2 15 
5—1 6 2-1 5 10—3 —2 3 —2 8 
1 1 1-2 —2—-2 (Pes ee Wee eee eee 
7—3-—5 1 4 2] fd). Bio Ae Be ee 
“yd lb a) es 2A Os. bo ae ae 
2. Expand the following : 
peers Oo} Cae Read ne? Ocelot Sod) eta 
Pe Ome rt ge iy al ides Dy Og FO Oe oO 
0 —1 0 0 eco An—2 As 0 —b, Dia. 0 0 
0 O-—1 0 Ge to, 0. 0b. ae Ue 
men Ok, 0a, | la, 0 0) 0. oe ee 
Bee 20 20 ee Og | tg 0 0 0. a Oe 
3. Show that 
1000 awthy +gz\|=|100 aw+thy+gz4l 
0100 ha+ by + fz 010 hv+by+ f+m 
0010 get+ fy +cz 001 ge+ fy+cz+n 
JO001 le+my+nz UY z k 
ee ek k 


4. Write the complementaries of the following minors of 


| dy By Cy dy ey f5|: | Co 4 | 5 | ¢o fs |3 | Gy dy 2 |5 | By C3 dg |5 | de e3 fi |. 


5. What are the complementaries of 


[Gro Gg5| and | Cy dys Asg|, IM | Go, Gry og Ayy Cys Ose |? 


6. Show that 


0 1 1 1 

1 0 l+a 1+6 

1 a+t+l 0 a+b 

1 b+1 O+a ft) 
+1 -e+1 ct+a c+b 


Is gia hth lL 1 
1+e 1 1+0 1 
a+e 1 1 I1+e 
b+c¢ 

0) 
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rr 


i. Prove. that 


C Og Og Gy ey | Ly Og] [ty Og) [oy Oy] 22. Fy De 
BG Op eke. Le iad 
A s C, is ae a 1 1M Co] [ay Cg] [ay Cy] ---[ Or Oy 
eS Gp MEAN sarc0,, |, do| | @, dg| | a, dy|...| a d, | 

l, . A s Retr a 


| ay le |. [ ay dg | [ay 1 [...| a, 1, | 


S. Employing the notation 
is _ n(n—1)(n—2) ... (n—r+1) 
p 


rae 
show that 


ety vty+l vty+2 ee 1 Wis tot be 
Be ( y 3 | 


Be Cas +8) oo 
ate co) ae Cie 


ead sales da ie x+3y—1)\ | 
1 as ‘ 
z+u—1 2+u—t 
Observe that it (° soe at - coe ): 


The Product of Two Determinants. 


50. If we note a determinant by Jv, and another by JZ, their 
product P is evidently expressed by - 
| & a |. 

OG 

The form of this product suggests the probability that the 
product of two determinants may be expressed by writing the 
factors as complementary minors of a determinant of higher 
order, and filling in the vacant places due to one or both of 
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the factors with zeros. Suppose, for example, that A’ is of the 
third order, and Z of the second; then P would take the form : 
Pa Gy s0y On 
Oo b, C4 a 
ds 0; Cs 
0 O4 Bs 


hs 3) 


We now wish to discover if, when we fill in the vacant places 
due to A or L with zeros, and’ thus make P a determinant of 
the fifth order, P will still be the product of HK and L. That 
this is the fact will be shown in the next article. 


— §1. Turorem. — The product of two determinants, K and L, 

of degree m and n, respectively, is a determinant P, of degree 
m+n, in which K and L are complementary minors, 80 situated 
that the principal diagonal of P is made up of the elements in 
order of the principal diagonals of K and L ; the vacant places 
in P, due to either K or L, are filled with zeros, and any mn 
finite elements occupy the remaining places. 


We have to show, for example, that 


KX DL =| a Ob) |X|) oy Be ys l=Hl|aq, bb | 0 0 O1SP.- 
aR) be Co Qs Bs V5 Ao bs Co 0-0-2 
dz bs Cg lag Bs Ye a3 bs ¢;}0 0 0 
ly Dy Cy | og By Ys 
ds 0s Cs | a5 Bs 5 
tig 0g Cg | a6 Bs Yo (1) 


Developing P in terms of the elements of the fourth column 
and their complementary minors, we have 


a, Cy by Cy 0 0 — as] Ay bd, ¢ 0 0 + ag Cy Dy Cy 0 0 Che 


Ay 0, Co 0.0 tg bg C20 O Gy by G 0 O 
Gs Uy. Cy! OO dab, 6,0 0 Gg 0a aU 
ds bs Cs Bs Ys Ay Dy Cy By ya My Oy Cy Ba ye 
ae 0g Ce Bo Ye ae Dg Ce Be Yo ds bs Cs Bs ys 


errors P =a,4,,—0;4,, +0,A,,. (2) 


~ 
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But A,,= B;| a, 5; Gq 0 | —Bg| m Bb, c 0 
Gy’ 05 Co 0 ty Dy Cy 0 
dsb, CG, 0 A, Os C, 0 
Ag Dg Ce Yo ds Ds Cs Ys 
= Bs ye ay by ¢3 | — Be ys | Mh dg Cz | = Kk Bs V5 
Be V6 
In the same manner, we may show that 
A., = va Bs V4 ; also Aware Bs V4 Ie 
Be Ye | Bs Ys 


-. .bstituting these values in (2), we have 


P=K } a4] Bs y6|—95| Bs yo| +06] Ba ys|} = XK x L, 


since the second factor is obviously Z, expanded in terms of 
the elements of the first column. 

The method of proof here given is perfectly general, and is 
applicable to determinants of any order. ‘Thus, if in (1) we 
make y,=y;=0, and ys=1, P takes the form considered 
in 50. The student can readily make the application. 

As another exercise, the student may show that 

A= a; 0 -c; dO fF, 0 
O50 10, Oo fas 0 
a; 0 ¢; dg 0 fe 0 
a0 c,d, Oo, 0 
00,0 0 e& O g; 
A dg OF..0 ey 0 gg 
06,0 060 Qq, 


= —] a fo cs dy| X es Bg Gr! - 


What difference would it make in the result if the zeros in 
the fifth, sixth, and seventh rows of A were replaced by any 
finite elements? 


52. Writing the product of |, .¢3| and | a, y2%5|, in accord- 
ance with 51, 
Oy. Dye — ol ae 0 ers 
dg: 033) Oa 8 
iy ba 6 AO 
een Fn 0 eee a) pea 
OF 08D Sis suger. 
Oo OSSO ead Uirres 
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we have, by 37, 


P= (0) ) 
0 i) 
0 0 


AX + AY, + 3% 91%, + O24, + O52 
Cy y+ Ag Yo + Mz Hy + Dy Yo + D525 
Cy ®z + A Yy + As% 0, 3 + Do ¥g + Dszz 


0 af aaa Gan 
0 6 ce 
0 ees 


Cy Hy CoYy + Cy2y HM YW 4] 
C1 Xa + CoYa + C3 Xo LY, Yo % 
CX + CoY3 + Cg%@e GU Yn 


which, by 438, 


— Ay X + oY, + A321 ba, + doy + 6,2, Cy X + CY, + C321 . 
Ay Le + Ay Yo + Age Oy HXa+ beYo + O3%—  € %e + CoYo + Cy %o 
Ay Hs + MgYg+ M323 D1 H+ DoYg + 0323 Cy Hy + Co Ys + Cys 


This result expresses the product of two determinants of the 
third order as a determinant of the same order. We are thus 
led to infer that the product of two determinants of any order 
may be expressed at once as a determinant of the same order. 

We now proceed to establish this important multiplication 
theorem. 


_ 53. TuHeorem. — The product of two determinants, A, A! 
of the nth order is a determinant A" of the same order., Any 
element a,, of A'' is obtained by multiplying each element of the 

rth row of A by the corresponding element of the sth row of A’, 
and adding the products.* 


Before giving the general demonstration, it will be useful to 
establish the proposition for the product of two determinants 
of the third order, and note carefully the form of the result. 


—— 
— - 


* Forming the product by columns, the statement is, of course: The 
element in the ;th column and sth row of A” is obtained by multiplying 
each element in the rth column of A by the corresponding element in the 
sth column of A’, and adding the products, 
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Put A=| a 6, ¢ | and A’=| q B, y: |- 
Oy Dy Cp a, Po V2 
lz 03 Cs az Bs ¥3 : 


Applying the theorem, we have to show that 


A A!=A"= la, +0 6itay Cy ay-+ 0, Bo + C1 2 dj ag+ 0, B3+¢C,y3 . 
Cy y +09 By+ Coy Ugde+by,Bo+Coy2 Agazs+b283+Coys 
301 +-b3 Bi + C371 U342t+03Bo+Csy2 Mga3+0; B3+ C35 


Since each element of A" is a trinomial, the determinant may 
be decomposed into twenty-seven determinants (35), the ele- 
ments of which will be monomials. But of these twenty-seven 
determinants only six do not vanish.* Those determinants 
which do not vanish are formed by taking for the first column 
a set of first terms from the first column of A’, for the second 
column a set of second terms from the second column of A", 
for the third column a set of third terms from the third column ; 
or, by taking a set of second terms from the first column of A", 
a set of first terms from the second column of A", and a set of 
third terms from the third column of A"; and so on. That is 
to say, exactly as many non-vanishing determinants can be 
formed from A" as there are permutations of the numbers 1, 2, 
3, 7.e., 6. Hence 


O18) az Cys 
ba 81 A2Ge CoY3 
bs By MgA2 CsY3 


" 
AYN =| Ga, 0,82 Cry3|+ 
ya, O22, Coys 


30, OsBo Css 


Ma, CY 6, Bs 
Aga, CoV be Bs 
Aza, Cs72 Os Ps 


ChY1 A ae by Bs 
CoY1 2A be Bs 
C3Y1 gag bs Bs 


+16, By Cry2 Gaz | + 


be By CoVe Mga 
| b3 By C3 V2 Ags 


= 0 Boys ( beC3) — ay Bs yo (dy Oe Cz) — ay 8; Y3 (1 b2¢z) 


+ az By Ye (dy, B2€3) — ag Boy (a, boCs) + az Bs Y1 (d; bg Cs) 
(by 30 and 31) 


C21 by Bo Azas 
CsV1 bs BR. Az az 


C11 b, By cn 


* It is obvious that the determinants formed from sets of first terms 
taken from the three columns of A’/, or those containing sets of first terms | 
from two columns, etc., must vanish. Similarly for determinants formed 
from sets of second terms, and so on. 
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= (a be Cs) [a, B» Y3 +a Bsy1 +a3 8, Yo ay Bo a er ay 2; Y3— ay Bsyo| 
= (ay byCs) (a Boys) : 


which establishes the proposition for the special case under 
consideration. 


In general, let 


A=|a 0, ¢ ... | and A'=|a, Bi yr --. Ay 
Op bo Cy eee 5 Apo Bs Y2 eee Ay 

Cs be Co eee te . As Bs ¥3 eee As 

| a eee eee e888 Par Sic eee ee one eee eee 

| Gn b, Cn “ech be an Bw Yn i Ne 


Then the product AA’! = A" 
=| a0, +0,8, + Gy1+--- +4ry 


Aga, + O28) + Coy ++.» + bry 
30, + 038, + C371 + --- $4Ay 


ly, ay -+ b, By ai Cn OO re LAy 
(ly Ay + by By + Ciyet eee + [Ag «6» Ga,+0,8,+ Cut QA, |- 


Ag A + Ds Bo + CoY2 + eee + Pave eee Aga, 6.8, + Con + eee +- loXe 
(za + Ds Bo + Cy72 + «0» +13ry .0. Azan Os Bat C3Ynt +--+ lg An 


Ante + On Be + Cro «2 + LaDy oes Oy Oiy On Bah Cnn te sop ehaAy, 
Now, A’ may be decomposed into a sum of »” determinants, 
the elements of which are monomials. But it is obvious that 
all those determinants whose columns are formed from sets of 
first terms of the columns of A", or from sets of second terms, 
etc., will vanish, as each will contain identical columns. In 
fact, all those determinants into which A" is decomposed will 
vanish that have not the first column formed from a set of Ath 
terms from the first column of A", the second column formed 
from a set of rth terms from the second colnmn of A", the 
‘third column formed from a set of ¢th terms from the third 
—eolumn of A’, and so on. Now, as many such non-vanishing 
determinants can be formed as there are permutations of the 
numbers 1. 2,3... n; that is, n! Hence, A” is decomposable 
into n! determinants, of which the following A, is the type: 
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Ar = b, By A Ao Cy Og see Cy Yan 
b, By lor Og A eee CoYn 
bs By [5X Cz A eae C3 Vn 


Bis tha Onde ex Cow 

But Ar = BiAgag +» Yn | Orla dg --» Cy | 

Now, the determinant factor of A, is evidently A multiplied 
by the sign-factor (—1)”’, in which pis the number of inter- 
changes of two columns which must be made in A to leave its 
columns in the order which they have in A,. Accordingly, 
Ar=(—1)? ByAgag... y, 4. But (—1)?B,AQa5...y, is a term of 
A', since the number of interchanges of two letters which must 
be made in a, foy;... A, to obtain the arrangement here given 
is p. Accordingly, A, equals a term of A’ multiplied by A. 
Thus each of the n! determinants into which A" has been 
decomposed is the product of A, and a termof A’... A= AA’, 


Illustrations : 
{12038 |x/011 0/=|0424040 3444043 
Bese l. 4:0) peewee! OE ae 
Bbc ar mel 1203 6-2 0s-226 0. 98 Gs 3 ag 
0012 9110 O0L0..4cp0te0 40 icee 
P0103 2-4-9 20-2011 20 44a 5 ee 
15010-02441 Fo 2614 9614 
SLO 0-1 6-04-9040 91248 ie 24 
04-0+042 0+041-40 je ee es 1 Bal 


10 50)0 EXO eh ea) 1 1 1 : 
O0Olaa 10aa 1 w+to ab+aB actay| 
01668) }100 8B] |1 ad+topB B+R be+ Py 
OST oy 5 Oc y 1 ac+tay be+By C+yY 


54. Since, before multiplying two determinants together, we 
may change the form of one or both factors, the product of two » 
| determinants can be expressed in a variety of different forms. 
-As an illustration, the student may verify the following equa- 
| tions : 
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a, Oy 
dg by 


=| dha, +02, da. +b, B, 
ya, + O28, Mga + Do Bo 
=} 40, + ty By (1 2 + Mp By 
ba; + d, By by ay + Oy Be 
=| da, + by ay ay By i by Be 
| @g0, + Dgag Ay, + byBe 
=a, + a, 8, +a,8, 

) b,a, + dy ay by Bi + by Bo 


8 By 


Og Bo 


EXAMPLES. . 


1. Show that one form of the product of 


1 aa’|x|@—a 1} is a? av—ab+b? a’?—act+e'|. 
rar b?—b 1 a —ab--b" b? b—be +c 
lee c—cl e640 ech C 


2. One form of the product of 


la+b ¢ e |xlatb+4de —ta —4b | is: 
a b+te a ) =te~-. b+e+ ta —+b 
b b c+ta| | —te —ta cta+3b 
| (a+b)? @ b? 
eC (b+c)? BP 
id a (ce+a)’ 
3. Find the product of |a aaaj|and|—1 1 O 0], and 
y, abbob O0—1 1 O 
v abee Sh OP Dad ok 
a oe -d| 1 1 1-1 


thence show that the first determinant = a (b—a) (e—b)(d—c). 
4, Show that | 
(bie 2. Ox Gan td eta) ae af 


b—a dee —] —] | 
¢ d—a obo or ee (ae ee | 
| «ed ¢ b—4@ sabe ak al 


= |b+c+d—-—a a—b+c+d a+tb—c+d a+tb+tec—d 
b—a+td+te —b+ta+td+e —b—a—d+ce —b—a+d—c 
ct+d—a+b —c—d—a+b —c+d+a+b —c+d—a—b 
dt+c+b—a —d—é+b—a —d+c—b—a —dte+tbta 
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= (6+c+d—a) (c+d+a—b) (d+a+b—c) (a+b+c—@) 
it ii ‘iphone saa 


1 1-1-1 
1—1l 1-1 
1—1-1 1 


and thence show that the first determinant 
=— (b+c+d—a) (c+d+a—b) (d+a+b—c)(a+b+c—d). 
5. Show that 


Peso Oa en ICA a ees 
1 +B? —2b —28] |+p710 B 
1 @+y —2c —2y C+y ley 
er pe ee a Bees’ de Sl oe 


| 0 
(a—b)? + (a—B)? 
(ieee ocr (a= 0" os Oe ie tye 
(a—d)’+(a—8)* (b—d)* + (B—8)’ 
(a—c)?+(a—y)? (a—d)?+(a—S)’|. 
sear Dead ae F (b — d)* + (B—8)" 


(ed)? + (y—8)* 
(ed)? + (y—8)! 0 


6. Show that 


= Ugh Cs aeons) Ae oe ae 
iv WO alae ike Ge Me Cee Es Bat ia 
Ge cbist, Lk th OF0. Mab 010 


3 0 ¢ 

Recess eae) 0.00 1 aiMagelige A 
equals the determinant in Example 12, page 388. 

7. Find the two determinant factors of 

Cy Dye ey, 012+ CYo ay + C2, 0 fe+ge 
Ay Day CoY, Ooty +CoYs AX, +bY,+ C2 AY fX.+G%s 
Cg Dy + CgY DgXo+CxYo by3;t+cz, dys ges 


; also of 


-8. Form the product of | a 6,| and |a, ~; y/. 
L— 
Ay Do ay By Ys 
as Bs Ys 


The order of the first determinant may be raised to that of 


the second by writing it | a, 6, ¢|, and the product can then 
Ag by Cy| 
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be found in the usual way. If we wish the product to contain - 
only the elements found in the two factors, how should the first 
determinant be written? 

From this example it is evident that the product of any num- 
ber of determinants of different degrees can be expressed as a 
determinant of the nth degree, n being the highest degree among 
the factors. 


9. Employing the notation 7 =-V—1, show that the product of 


nm 


a+ib c+id and d,— tb, ¢,—id, 
—c+tid a—ib (—¢,—id, a+b, 
may be written | DiC _B—tA), 
| —B-—iA D+id 
in which 


 Asbey—dbe+ad—ad C=ab,— ab + cd, — od 
bp ca —co+t0,—0a Da, + bb cer dd). 
and thence show that the product. of two sums, each of four 
squares, is itself the sum of four squares. (Kuler’s Theorem. ) 
10. Show (1) that the product of | a, b,¢;| and |p, q273| may 
be expressed as a determinant of the fourth order by writing 
the two factors |a, 0, ¢, 0) and —| p, gq, 0 7, Poses em 


My by Cy O P2 GO 1 
dz Os Cs 0 Ps Is 9 1s 
Ora Oy OO Tie 
(2) By writing the two factors 
a, b, 4 0 O| and |p,00q 7 
Ay Dy Co 0 0 ps 9 0 Qs 1 
dz bs cs 0 0 Ps 9 0 GQ 7s 
0-0-0 1-0 Ot 0-020 
OF 0m 00 05) OO 070 
show that the product is a determinant of the fifth order 


Lay0r G O70 0 pand "1b .0.-0 0° 0-0 
dy bo & 0 0 0 0 2-07 0--0% © 
dz bs cs 0 0 0 0:02 Otis 0 

001900 ~000n any 
OU Ob OO Osis as 
1000001 0020-0, G5 


: 
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show that the product is a determinant of the sixth order. 
This example, and the theorems of 51 and 53, show that the 


| product of two determinants of the nth order can be expressed as 


a determinant of each of the following orders: nth, (n+1)th, 
(n+2)th --- (2n—1)th, 2 nth. 

55. THroremM. — Any determinant A may be expanded as a 
sum of products of pairs of minors. The first factor of each 
product is a minor of the rth degree, formed from a set of r 
chosen rows, and the other factor is the complementary minor of 
the first factor. The sign of a product is + or —, according as 
the product of the principal terms of the factors regarded as @ 
term of Ais + or —.* 

Every term of A contains 7 elements from the columns of a 
set of * columns found in the n columns and first 7 rows of A. 
That is to say, from every minor of the rth degree formed from 
the first * rows, 7! partial terms of A can be formed. Now, 
the remaining (n—7) elements of every such partial term will 
be found in the remaining rows and columns after removing 
one of these minors of the rth degree. Or, in other words, 
(n—r)! partial terms of A corresponding to the 7! other par- 
tial terms, are found in every minor complementary to one of 


! 
the first set. lt. 


——— —— minors of the rth degree can be formed 
ri(n—r)! 


from the first 7 rows. Now, the product of two such comple- 


mentary minors gives 7! (n—7)! terms of 4; consequently, the 
sum of all the products gives n! terms, 7.e., the full number of 
terms in A. 

To fix the sign of any product in this expansion, we haye 
only to remember that its sign must be the same as the sign of 
the product of the principal terms of the two minors. This 
latter product being a term of A, the sign of the product of the 
two minors must be the sign of the product of their principal 
terms, regarded as a term of A. 

If the selected rows are not the first 7 rows, we can easily 
make them so; then, after giving A the proper sign factor, the 
demonstration applies as given. 


* This expansion is known as Laplace’s Theorem. 
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Illustrations : 
Saas the first two rows in |, 0, ¢; dy|, we have 
a b, C3 *di| = = |, bal les dy| — lay C2115 dl + 1a, dy] [D5 cy! 
+-| By col lag dyl — 1B, dol lag cyl +1 ce, dol |agd,}- 
Let the student select the first two columns of |a, 6, ¢, d,|, and 
expand, obtaining 
| a, be] |eg ly] — | ay Bg! | ey dy] + | ay O4l | Co dg | + | ae Bg! |e, dy 
— |a_b,| |e, dsl +]a50,| ley del. 


Show that 
[a bs¢,d,e;| = — lay byl |e, d,es| + la.e4! |b, d,e;! — led, 1b, c,65| 
+ | dy e4| 10, e551 — |boc4! [ay d,e5| + |b, d4l 1a cy e5| 
— |b, e4| layesds| + |eody| | ay bs e531 + les ey! laydods| 
== [do Gy) 1 y'Da Cyl. 
What is the relation of 41 to the present theorem? 


56. It will be interesting to note what results, if, instead of 
multiplying the minors of the rth degree formed from 7 chosen 
lines by their complementaries, as in the last article, we mul- 
tiply every such minor by the complementary of a corresponding 
minor formed from 7 lines different from those first chosen. 
By the preceding article 

|, bye, 1,5 | 

= | a byl |e,d4e;| — | a, dsl [eo @yes] + | a, D4] 1 code] — 1a, b5| leo ds eg 

+ | dy bs| Le, dyes] — |g b4l |e, ds e51 + 1 ods! leds ey] + 1 as d4l le, does 

— |a505| |e, dey! + 1a405| le, does! . 

Now, if in the above we write c for 6, it is evident that the 
determinant on the left vanishes, and hence the second mem- 
ber vanishes; but by this substitution we multiply the minors 
formed from the first and third columns of |a,0,¢;d,e;| by the 
complementaries of the corresponding minors formed from the 
jirst and second columns. It is obvious that the truth here 
exemplified holds in general. Moreover, it includes the special 
case of 45. 
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In symbols, the expansion of a determinant by 55 is expressed 
by writing == 2 | Op 0 Ane bes 
where the chosen columns are two in number, or 

A= la, Dg Cr | Days ba» ers 

where the chosen columns are three in number; and so on. 

Employing the notation of double subscripts, we have, in 
ceneral, 

A= |%|=% | Cp, 1, Ap,d, °° * Oprar | Aap, 712 pe G2 +++ Wr a 


57. THEeorEM. — The product of a determinant A =|a,,|, and 
any one of its minors M, of order m, is a determinant A' of 
order n+m. A! is expressible as the sum of products of pairs 
of minors of A; the first factor of each product is a minor of A, 
formed from r chosen rows containing M, and the second factor 
is that minor of A containing the complementary of the first 
factor and the minor M. The sign of each product is determined 
as in 55. 


Let the chosen rows referred to in the statement of the 
theorem be the first 7; then, by 51, we have at once 


Al= 
ler Ue et yap Og: le Ogelys hy, Ope Ghe 5 Olan Le 0 
Opi Ago s6.lng Ong sv ehgy “On, Oegay «=a, 0 i 0 


Wi pigs teeetps | Se ce 0 
Cys Ups r9+ «+ per a1 | Unies «Ueprr—1 Uetir| Mgr rst Agin O .. 0 0 
Uy 1 Ap 1.96 0 © Uy 1 p—1 | Ap —age © Ap—y pay Uy ty | Up r+1l** Opin Ore 0 0 
Oy r+1 eee Cyn, @) eee 0 0 


C4 Cy eve C,, k- 1 


eee eee zee eee eee eee ece eee eee eee eee eee eee eee eve 


Any Ung +6Ann-1 Any -+eApp-1 Une Onyey +**Ann GUny «¢*Anr_1 nr 
Or Oy 95 ca. oO) Oy eet) 0 Oe ther. Cin, caving ne eee 
0 Q) eee 0 (0) eee 0 0 ®) eee O41 kee Apa pm] Oy417 


lend? ayant a0) Oe cere 0 Oc gotay OS aa ase ee 
Oa cee: 4) Dmeresea Al 0 ) aioe MD) 1 pw ates eaten ae 
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where the minor by which A is multiplied is enclosed. Further, 
observe that the n—v7 rows of A not included in the chosen 
rows are prolonged in A’ with the elements of these same rows 
repeated in order of the columns beginning with the kth. Now 
add the kth row of A’ to the (n+ 1)th, the (k+1)th row to 
the (n + 2)th, and so on, finally adding the rth row to the last. 
Afterward subtract the (n+ 1)th column of A! from the kth, 
the (r+ 2)th column from the (k+1)th, and so on, finally 
subtracting the last column from the rth. Then 


A'= 
ere Oa ik. saya Oi Laue) cia, 0.0 ncad Oe 
Oey Gag s-2og2y ~Aoy «+-Onp_1 Aop gp] 2 Olay ean, ahh eee 
ee ae anogyy, Ags Oey “Opp  Nppyy oo Ug, ao Se ees ae 
yy Upp yo>s +14 ad Wpsry es Apr mall str Ans trtpessApsin Q rake 0) QO. 


eee eee 


ra tee «Cb 1 | Apt pi Ap iy sulin yr! Up ime yes Oya, 0 ect <0 2Q 


terete Cept ire Opp Cre pei assign “08 te 0 ae 
Oy 411 U4 9¢ + by 44 k=] (0) eee 0 0 Up si ppies Appin Uy pages ys 1 es | Oy 1p 
An ng ee Ay k-1 0 eee 7) ) Ay, r+1 se Qian nx eee Cy, y—] CG 
ae Gis. oesligy a *- O 0 OS Og pay ae Oey ig Sc eee 
W411 Mp 419++ 9 Ups K-1 0 eee 0) o) Cpr prise +O sin Ans ines*Aps1 1 Csi, 
y—11 0 ae geeeh,_}1 ry 0 ats () 0 Up _1 ptt) espn 2 izt. Ope eG 
Peg) eye 0) a 1D OVS Op npr seein Nilay Was ep ee 


By 55 A’ can be decomposed into products of pairs of minors, 
viz., the minors of the rth order formed from the first 7 rows 
and their complementaries. Since the elements in the columns 
of A’ directly below M are zeros, all the minors of the rth 
order, formed from the first 7 rows, will have complementaries 
that vanish unless the said minors contain the given minor M. 
Hence the first factors of the products in the expansion of A! 
will all be minors of A, of the rth order, that contain the given 


| 


| 
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minor. Further, each complementary of such a factor is made 

up of the n —r rows of A not found in the first factor and the 

r—k-+1 rows in which MW is found. Which proves the 
theorem. 

Cy 

Welty GyOis Cx|1 Oy Ca =) 02 


5 5| = | A, be ¢3| | dye; Be C3] 
0. 0°.0.-0. 0%6, cc) —1D).65 del 1 Gyo ce 
0 0 0 0-0 By G.| — 1b, Co 25] 14,05 Oo Gs! | 
| iy Bo Cg Uy es! | Dy Cg Ay | = | Ay Dy Cg. dal 15 By Cg Ay + | D1 Cody Cy! | As DoC3 04] - 
The student may show (change the rows into columns before 
applying the theorem) 
| dy by zy e5| | By Cy] = 1 By Cz Uy 103 6405] — | Gy By Cy 51 13 C4 eo 
+A] digbs eds] 1b3¢4e,| 5 
| ty Dy Cs, dy es | dy 
= |¢, desl lab; dol — lc, dp e,| lagds del + |e, does! | a3b4 del 
+ | cy dg e4| | a, 0; do| — | co dge5| 1a O4do| + leodyes| a, b,dsI , 
= —|d,e5| |agb,¢;ds| + 1d, es! 1a, b4c;d_| — 1d, e,| |a, 65.65 de! 
+ |d>@5| ab; ¢4 del, 


The second illustration given is especially interesting as it 
shows the form of the product when the minor is of order n -—- 2. 
In that case the chosen rows are »—1 in number, and the 
development consists only of two terms, each term being the 
product of two determinants of the (n—1)th order. If we 
change the order of rows and columns in the result, we have 


| dy Oo C, dyes! | O26, Q,| = | Ay OoCs al [02650 €;| — 1D, Co dy | [Aa bg0,ds\, 


or A Aa; e; = Ae. Aa, _ Aa, Le, ; 
and, in general, 
A Naens pg = Aa, Nang =F aig apy: 


Employing an obvious extension of the notation described in 
the latter part of 39, the last formula becomes 


@A dd dA dA dA 


day, da,, day, da,, da, da,, 


GENERAL PROPERTIES OF DETERMINANTS. 61 


Rectangular Arrays or Matrices. 


58. As a determinant is a function of n? quantities, the 
elements are always found in a square array. It is often 
necessary to consider the determinant obtained by applying the 
process of 53 to two rectangular arrays of elements, 7.e., arrays 
in which the number of rows is not equal to the number of 
columns. We will now investigate the value of this product. 

1st. When the number of columns exceeds the number of 
rows : 


The product of two arrays (matrices) of elements in which the 
number of columns (m) eaceeds the number of rows (n), is a 
determinant which is equal to the sum of all the products in which 
the first factor is a determinant of the nth order formed from the 
jirst array (matrix), and the second factor is the corresponding 
determinant of the nth order formed from the other array 
(matrix). Let the two arrays of elements be 


Cy, Ajo +++ Ain +++ im Qj] AjQ +++ Ayn e++ Ain 


9] Cg9 eee oy eee Qn 9] Qo9 eee Aon eee Qom i 


ALCL Warns aes ae Hie 
Cn C9 A Onn Oe Gam Any Angers Any eee Ann 
Applying the process of 53, we have the determinant 
A= 


yy Oy 9 Ody 28? Ot, him = Ay, Gay + ** Ay Qoy, 
Ao, a ese cna “pss. oars O1m Cg O91 + *** + Aon Gon 


Oya 44 ar ae Onn@1n cia: om Pa 1m On 9%91 a ‘ee a Ann Gen 


oh es Or ay ao Ory Oye = iy, Mig abot nm |* 
fees +g, Com °7° Oyj On A= Cg, Say ty Pay, Gnm 


5 + Gam 22m *** ny Bets, err ie ee eames 


Now we may form from A a number of determinants Aj, A,, A;--- 
of the nth order, the elements of which are all polynomials con- 


eh 
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sisting of » terms each. The number of such determinants is, 

m(m —--1) (m—2)-+- (m—n+1) 
n} 

one of these determinants ; take, for example A,, whose columns 

are formed from the first » terms in the columns of A. We 

have, accordingly, 


of course, Let us consider 


Ay = | yy Gy + Aye ay + +++ + Ayn Gy 
Oboy 031+ An9 Aya +++ + Aon Ory, 


Oy] 44 + Cy9 019 i ee Cnn An 


yy Boy + Aye Gog +s FE Ayn Gon *** yy Oni F- Ayy Ayo *** + Ayn Onn |. 
Gay Og1 + Age Ago +2 + Clon, on °°* Coy Oni Ogg Ono *** + Aon Onn 
yi O91 i Cling B99 ree ee rile Ann Ag, °° Ay, Any ae Ung Ono + “a* fe Ann Onn 


Now A, is, by 53, the product of two factors, the first of which 
is the determinant formed from the first n columns of the first 
array of elements, and the second is the determinant formed 
from the corresponding » columns of the second array. Ina 
similar manner we may show that each of the determinants 
A;, A,, Ag: is the product of two factors, each factor being a 
determinant formed from 7 corresponding columns of the two 
given arrays. Then in order to establish the proposition it 
remains to be shown that A=A,+A,+A,+---. Each of the 
determinants A,, A;, A;--- can be decomposed into »! non- 
vanishing determinants whose elements are monomials. Ac- 
cordingly the sum A, + A, + A;+--- will contain 

m(m —1) (m — 2) ++» (m—n+1) 
non-vanishing determinants whose elements are monomials. 
Returning to A, we see that it can obviously be decomposed | 
into m” monomial element determinants; but those which do 
not vanish are only m(m—1) (m—2)---(m—n-+1) in number. 
Now observing that each one of these monomial element deter- 
minants is a part of that one in the series A,, A,, A+++ in which 


its columns occur as parts of columns, the proposition is estab- 
lished. 
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Illustration : 
Performing the operation of 53 upon 


G, 0, ¢ dy) 
(lo bo Co dy J 


we obtain the determinant 


ha, + 6,2) + Gyit dd, ya + b; Bo+ €y¥2+ dy 09! 
Aga, + 6,8; + Coy + yd; gag + be Bo + 272+ Ao, 5o 


This determinant the student can readily show is equal to 
((t by) (0; 22) + (My C2) (4172) + (41 de) (a4 82) 
+ (012) (Bry2) + (bras) (Bi 82) + (ere) (7282) - 


2d. When the number of rows exceeds the number of columns. 


5, } 
and ay By Y1 °1 - 
ay Bs V2 dy J 


. 


Consider the two arrays. 


Cy Oye 1 p, ) 
@g by yr and ay Bo >> 
dls Os j as By } 


Multiplying as before, we have 
A=|dyo,+0,8, Gag +0,B, dya,+0,B3!= 0. 

Clg) +b, 8, Agag+ 028, dza3-+ 0.85 

30; + 038; Gsa2+ 5382 saz + O35 
The value of A is readily seen to be zero when we notice that 
it can be obtained by multiplying two determinants formed from 
the two given arrays by prefixing a column of zeros to each. The 
method of proof employed in this special case is general. It is 
only necessary to add to each array as many columns of zeros: as 
are necessary to make each array square, and then compare the 
product of the two determinants thus formed with the deter- 
minant formed by compounding the two matrices. 


Reciprocal Determinants.* 
59. If the principal minors of the elements of a determinant 


are themselves made the corresponding elements of another 


* Reciprocal determinants would more properly be considered in the 
next chapter since they are among the “special forms,” but for several 
reasons it is thought best to introduce them here. 


a 
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determinant, the determinant thus formed is called the reciprocal 
or adjugate determinant. Or, in other words, the elements of 
the reciprocal determinant are the complementary minors of the 
corresponding elements in the original determinant. 


The reciprocal of (a, 0, ¢;) is 


(D3)  — (Ae ¢3) (ly D3) |. 
— (0; ¢) (a C3). — (a, 95) 
(0, C)  — (A; Co) (a, Dy) 


Assimilating the notation of 19, we have 
| Ay Be C3... La; | Ar, | or |-Ay Ayo Ags... 7 a 


for the determinant adjugate to 


hye Ogata es Ly Oaily OF) Cir Mog We, os Gaal, 


respectively. 
If the minus signs in the first illustration are erased, what is 
the effect upon the determinant? How is it in general? 


60. THrorem. — The determinant A' adjugate to any deter- 
minant A of the nth degree, equals the (n —1)th power of A. 


We have, for example, 
Dela cel, and Al =| Awe Crs 


Os O25 Zloadoa ia 
ds Ds Cs | |As B; C; 
W hence 
AA 2A O20 Men, 
0 AO 
D208 


The process here exemplified is perfectly general, hence the 
proposition. 


61. THrorem.— Any minor of the kth degree of the reciprocal 
determinant A' is equal to the complementary of the corresponding 
minor in the original determinant A multiplied by the (k —1)th 
power of A. 

Let A =| ay], and A’= | A,,]. 
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Transform A and A’ so that the minors | dy dy dy | and 
| Ay, Ag Ay | occupy the first three rows and columns in their 
respective determinants. ‘Then 

A=(—1)* yy, Ay. Ay Ns); 
lz, zn sa | 
Clg, gg gg gy 


5 
cad 


[Qo Alyn, ng gg 


5 
_ <0 


and At'=(—1y"A, Ay Ay Ajsl. 


Then 
[An Asy Ay |= (—1)"| Ay Ay Ay Aj), 


Multiplying, 
A| A), Asp A,,| =|A 0 0 ag] = Cus A’. 
| G KH) ides 
OS AE tithe, 
10 O O deg 


Whence | Ay AgAy | = 3 A’, which is the required value of a 
first minor of A’. | 

To find the value of a second minor of A’ we may proceed as 
follows: 

The minor 


| Asp As; ) =(—1)* Ay As, 


0) 0) 0 
and the corresponding form of A is 


( = ] ) ey Cg9 Clos Coy Clog I. 
sz Ass Ag, Aga | 
he Gg Cy My | 


gy yg gy gy | 


~ 
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As before, 


A| Ags Ags|i= va 0 Go} C4 = A*\ay Chag|- 
O A Gg, sg 
0 0 ay Oy 
0 0 ag dy 
Whence, | Ase Ajg| = | yy Ay| A. 


The student may put 
A = |a, by ¢, dy|and A'=|A4, B, Cs D,|, 
and then show that | 
Be Gs Del ay A; 
|.A, D,| = |b, c,|A. | 
The general theorem, of which the preceding are special cases, 
is proved as follows: 


Let A =|a,,| and A'= |4,,|, 
and let the minor of the Ath order of A’ whose value is sought be 


A+ — : Z A 
A; = Apa, Ap, q, Ang, es p,q, 


Aya, Ap.g, Ayp,a, see Apa, 


[Apa Anya Aras «+ Apyay' 
Now putting 
pe Dy Pe ee Pec: Grat Ge ene ot oes 
we may write 
A=(-1)" 

On. claic Ona: Cy 1 cet Cp.q,—1 Cp .g,+1 fiers Cp, qo—1 hy, qo+1 sreie Cp n ° 
Cog, +** Ong, (ps1 eee Cn.qy—l Cnog,+1 se Cy qo—1 Apsqu+1 +++ Apyn 
Apa, ++ Upya, Appl -++ Uppal Upygyt1 +++ Upgge—1 Upyge+1 +++ Upyn 
Gig, ++: Mig, M11 --- A1¢,—1 M1g,+1 +++ Cg.—1 Ciq.+1 +++ Cin 
Gag, «++ Gag, Cai ++. Aeg,—1 Cloq,t+1 +++ U2g,—1 A2q,41 +++ Con 


Ong, eee ng, Any eee Ong,-1 Ong,+1 eee Cngs—1 Cngy+1 eee Can 


* In this determinant the subscripts p,, pi», Ps) «-- G1) Jos Yq» -» Of Course 
stand for any integers in order of magnitude. 
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The corresponding form of A, is 


A,=(—1)" 
Aya, Apa, Apt 
Apo, Apa, Ap, 
Ap,¢, pets Ap,g, aes ee 

() @) i 
0) 7) ) 
Q) i) 0) 
(0) 0) () 
0) 0) 0) 
0) (0) 0 
@) 0) (0) 


a Ap.g—1 Ang +t re 
++ <*poQ—1 Ap,g.41 py 


Apg—1 Ap,gy+t + 


0 0 
0 y) 
1 () 
() 1 
0 0 
0) 0) 
0) 0 


Ap,g.—1 Apgytt “ies Ayn ; 
Ap,g.1 Ap,gy+1 OD Ann 
Apqy-l Ap, qy+1 cee Ann 

0 Neon hee 

) 0 ) 

0) () () 

() 7) 0 

l 0 0) 

0 L 0 

0 Gceide wee 


We notice that this form of A, is just the same as if it had 
been derived from A’ by making the p,th, p.th,---p,th rows of 
A’ the Ist, 2d, --- Ath rows, making the same changes in the places 
of the q,th, g:th, ... g,th columns, and then putting 1 for each 
remaining element of the principal diagonal, and 0 for every 
other element of the » —* rows of which A, is not a part. 


Multiplying, we have 


AA, 


ese e808 


- Apig—1 p,q,4+1 -- 
 Ap.g,—-1 Uy ++ 


oe+ Appa, —1 Apyg,+1 « 
- Ajg—1 A1g,+1 


+ G2q,-1 2q,+1 


. Ang,—1 Ang,+1 eee 


+ Upyqo—1 Upyqy+1 +++ Upyn)* 


Apogo—1 Upegat1 +++ “pon 


= Wqo—1 Apygo+1 +++ Apyn 
» (ig.—1 A1g,+1 +++ Cin 
« Ugq—1 G2q,+1 +++ Aen 


Ong Unrgzt1 +++ Cnn 


; ~ 
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Now this determinant is at once expressible as the product 
of two determinate factors, and we have 
AA, = A* times the complementary of the minor of A corre- 
sponding to A, in Al. 
Whence 
A,=A*! times the complementary of the minor of A corre- 
sponding to A, of A’, ; 


as was to be shown. 


62. From the preceding article it follows at once that if 
w=), then 


Ay Aj, 
Ay, Ag 


As Az, 
pike Ay, 


Ay A), 
Ay Ax 


Al 


i.e., in general 


A; A,,|= 9, 

aL pk “pe 
whence 

Ai, aly aa Ay, A,, 
or AG eA eA 


That is to say: 
If A= 0, the cofactors of the elements of any row are propor- 
tional to the cofactors of the corresponding elements of any other 
row. 
From the preceding article we have also 
Ay, 2S 
A ek 


pk ‘pe 


=A x complementary minor of 


Ain Use 
Cnt One 


which may be written 


dd dA|j_, aa 


dai, dai, e Aa,Ad,,’ 
d& da 
le OAs 
whence OA, 3 adh. dA, | dAS gas 


Foon eee 9 
da,da,, Ad, da, da,, da; 


which is the formula already obtained in 57. 
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EXAMPLES. 
1. Show that 
a 0 0 0 0 Ol=—2, | Yo2%5| [9 20]3 
fener the. Os) ogee 0) 
0 0 % Ys O 2% 
O 2 2 Yo Ys 
to 2, yy Oy 
Pn ee Dion Oe ay oO 
also 
aq 0 0 a 0 O|=la, dy} [a_bs] [ag dg). 
Sd. iO a). 0 
One Oe Gen 0 sa 
eee OL avon re ot) 
On 05. 02.00 “be =8 
VT RS se ome een 


=|A, By C3] [ay be C5}. 


Oy OAS GA, (As AS 

aB, 0B, 4B, B,. B, 

HC, C0, oC, CG C, 
3. If A is a determinant of the nth order, having » — m zero 
elements in the corresponding places of m rows, then A is the 
product of that minor whose elements are the other elements of 
the m rows and its complementary; the sign of the product is 
determined as in 55. 

4. If any determinant of the nth order has more than (n — m) 
zero elements in the corresponding places of m rows, the deter- 
minant vanishes. 

the m% b&b ¢« M N\=|q—M —N| |ea,b|; 

Pam aia © d—-P b—Q 


Gy Gy. Ag M4|=|d, a, 


|B, C|. 


oN 
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G. (ty lg Og" Cp” ge Peter, © eg ae 
b, by bs by bs bg b, dg dy Dy 
OO Oy 20 See eec ae ee) 
OPO “SS 0 ae ee ae) 
Ay OUND A PRE CR gett ah tee 
Sia Jas ea a! 
92 9s Os Gs Go Gr Gs YO O 
hin, asa aol ede nig eli aig Uae) 
te eg OL OND 2 inl SG eee oD 
bee rege, oD Die” Oa Jig See heer ls ae eat 


= — | ly Dro] | ced, &s| FGahs| | i, Ky. 


7. Show that 
(4,—b)? (a, — by)” (a, — bs)" (a, — b4)?|= 0. 
(a, — b,)° (My — by)" (a, — bs)? (dy — D4)” 
(a3—,)" (as — bo)" (a3 — bs)" (a3 — b4)* 
Ore by)? (da 0_)" (G4 — 85)? (QQ — by)? 


This may be proved by multiplying the two arrays: 


a? a 1) 1 —2h d2) 

Cee pte ey mans 

ae Gerd ( te 2 a be i 
Siaeee 4 —403 Og 

eee ry Lin 0 ea 


8. Show that 
[in| (@y + a + Xz +o +u,) 


TH] Oly 1% Ayoly + Atn®, |] Ay yg wee ay 


Any a) s.8)8 nn Ani One see Onn, 


Se pot ebeGn Cya aoe Cae 
Go wey 


Gyr gaily oss Un iy 
Notice that the coefficient of x; in this sum is 
Oyj; + y;Ag; + Ay;-Age + ++ + Oni An; = | Grn | 
9. As an application of the preceding, show that 


2 (a, + %_ + Wy) [mW ay 


vy Uz XY 
TY hee 
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ee ae |+| yy Wy i gel ei ac +| 2% % 2% 
Vo Uz Vy | zy a7 any” | Vy Xz My | Uj%_ Vols Wey | 
oe CBee cae eee Gane reais en 


10. Given Ai(®) = 2? + 8 b,a°+ 8ea+d, 
Fi(@) = O92? + 3 ba? + Besa + do, 
fy (%) = aga? + 38 baa? + 8 co2t + ds ; 


show that 
|A(@) Al) A"(@)|=—18(1_ —a 2 — |. 
Jo(@) fol (x) a la) Ob yg | 
Ria) Re) Ha) ete od, 
dz bs Cy dy | 


The first determinant is at once reducible to 
—LS axa + bd, bhete ce +d, 


MyU+b. Dee+ Co Co%+ dy, 
1dgt-+b, bsu+c, c.u+d, 


¢) 


_ which may be written 


@ 0 0 0 : 
ld, Qye+b, bate cutd, 
| dy Meth, Ooe@+te, Guet+d, 
fe a,e+b, bete ce+d, 


Again using 37, the last derer minant becomes the result above 
written. The student’s attention is called to the fact that the 
method of bordering a determinant, ¢.e., increasing its degree 
without changing its value, here employed, is frequently of use 
in simplifying. 


63. The following examples comprise several interesting 
expansions of determinants. The cases considered and the 
methods employed are important. 


I. Expand the following determinant in ascending powers 


of x: 
A=H|Q,+V Mo .. Cin 


Ant Ong ve Ann + 


oN 
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A is evidently a function of « of the nth degree, in which the 
coefficient of w” is 1, and the absolute term is f(0)=|a,,|. 
To complete the expansion, we have to find the coefficient of 2*. 

Consider the product of two complementary minors of A, of 
the Ath and (n —k)th degrees respectively, 


Ceo + & eg and 


jee sae pete ae 


Qing ae Gang? acaes |e 
op Lag + & 


This product contains the term 


; — pk 

1° 1 lpn gg sae ° Ayn | = 0 Dna, SAY. 
Cop qq Con 
an al 


The entire coefficient of a is accordingly 3D,_,, t.e., the 
sum of all the minors of |q,| of order n—k, whose principal 
diagonal lies in the principal diagonal of |q,,. 


“ A= | a, ab @&D-1 ar oD, 2 ie oe 
As an illustration, the student may show that 


Cy, +a D, C; d, 
Gy Oo +e Os 
a3 bs Cs +% ds 
Oy Dy Cc d+ea 


= a, bo¢,d4] +[ | Boe, dsl + | ay eg dy | 
+ Jay dy Ayl + lay doe |] @ 
+ [ [do esl + la, dyl +lajzesl 
+ |b,d4| + la, by] + les dy] 2? 
+ [a, + bo + ¢3 + dy] a? + at. 


For another exercise, let the student fiad the terms of 
A =|q,,| that contain & elements from the principal diagonal, by 
considering the product of two complementary minors, as above. 
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II. Expand 
A=|aev +ly qe tray be + my 
Coe t+ny be +my auathy 
bye + my ae thy ce +ny 
in ascending powers of a and y. . 


Putting first y=0, and then «= 
and vy’, respectively, are 


0, the terms involving 2’ 


Oo Gm Or le andi bby We 
€5.. Us Gy Root ay 
Ds” Qa C Dig to. ott 


Putting the y’s in the two last columns of A equal to zero, 
we obtain for one set of terms involving ay 


wy|t c¢ by], 
a. Wl? Gh 
Ms 5 C 


and the two other sets of terms containing xy are, similarly, * 


Sul gn Ma | and ey 1a Gy}. 
Op 0k Can0s tele 
Dy Ie C | | Do a) ) VL 


The coefficient of xy’? is found in a similar manner, and the 
entire expansion is accordingly 


A=ala c, 6,| + ay | Le Di+la nm O\+\a eq my | 


Cy O . [Me Do Gy\> 1p, |¢2 b ty | 

| | 

Dy Ca 6} |g Oe C | by ase \Do My 1 | 
tay! |a ny, mi+ll «| mit) ny dy N, M4). 

CG, -m |b He CO hy Ri i (hy is ty 

Do to i Ms Op 1 ms Ul, Me lo 


II. Show that any determinant A may be developed in terms 
of the elements of any row and column and the second minors 
of A corresponding to the product of these elements. 


Let A’ =|ay Gy sg , 


and border it as indicated below; calling the result A, we may 


o\ 
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expand A in terms of the bordering elements and first minors 


A = |Qq) Gq Gog Hog |= Aon A! — 5 yo dy, Apt ay Go Arp 
Ayo Ay, Ayg Ayg + Ay) Ag Ayg+ Ag) Ag, Ay Aan pg Age 
Coy Ag, Ugg Cog + Coy Cog Agg +g) Gor Agi Gey oo Ago 
As 3, Aso Ogg + Azq A; Ags? , 


in which A,, is, as usual, a first minor (with its proper sign) 
of A’. 


In general, if A'=1| cy; Gog ++ Onn |, we have 


A =| Ay Ay «++ Aon| = Aw A! — SAnAy,Ay, (i,k =1,2,3...n), 
| Ayy Ay Ag o-- Ay 
Cog Moy Cog ++2 Coy, 


Gng Any Ang +++ Ann 


in which, as before, A,, is a minor of A’. 

For the terms of A containing dy are obviously aA’. Now 
let C be the complementary minor of ° 
Ono Cay 0. As 
Ug Cin 


then dy) 4), C contains all the terms of A involving da; hence 
dC contains all the terms of A’ involving a,,, and consequently 


Ca A x; 


and — 9 MyAy, is the expression for the terms of A containing 
the bordering elements 9, dp,- 

This expansion, known as Cauchy’s Theorem, is frequently 
written 

AS eae (a) 

Here A is a determinant of the nth order. A,, is, as usual, the 
complementary minor of a,, in A; ¢ has all integral values from 
1 ton, except 7; & has all integral values from 1 to n, except s; 
and 8, is the complementary minor of a, in A,,. (a) is, 
accordingly, the expansion of A in terms of the elements of the 
rth row and the sth column. 
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The student may show that 


A=/a ff gq h\j=abed — ffcd — gq,bd — hhybe. 
ee LOSE i, 3 
ee Orn-G. = 1) 
hy, OO 4 
MSO ep Oe Oy > a,|= lo, +a, Oy Gy “ag 
| Sa ey Wo ) Q) = vy Xs 0 
[> .0 ¢=—a a, 0 —x% 0 aw O 
( Q, Gy Ogee My ?) 
—— De oe a a Pas =e pre ie are S 
Ngee. iita ta, By " Wy J 
TV If A = | vy Ao As ay, | 5 
| a, Vy Gg «+ Ay 
| Oy, Ag Ve, « Ay 
Oy Ay G ia 


and if we put 
F(a) = (4 — ay} (We— ay) *+* (Ly, On) 


and : 
Pies af (x \ 
Pe) = is ) — (1, — a) “ees (a@;_4—a;_1) (5410543) “ac (&,—a,), 
we find A = f(#) + 3a,f"(a;). 
For 
ee ee OS ee OY feed lea, Og =O ra oy ie 
1) a Oe Os Cy, | 1a@,— a, ° 0 (0) ate 0) 
Pats Og se: 2, 1 O a—a 0 st as 
IEG Oy ip. anon he | ew) Oi A ge=iGg vas =i 
LE oie axe, Vat ue Pl () QO. 2.00 ah ten 


whence (if, as in III., we let A’ represent the complementary 
minor of the first element) A’=/(#), and, since every first 
minor of A' vanishes except the minors of the diagonal elements, 
we have the required value of A on applying the theorem 


A = Ay A! — FG Ay, Ay. 


~\ 
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V. Show that 


A=|a,% @ @... ©|=f(x)—af'(@), 
wv Ap UV WV wee W 


8 


© ® dg @ 
ee ae On 
in which  f(#) =(#@— a) (@ — ag) (@ — ag) --- (@ —a,), 
and fi(a)= ee) = (@— a) (@ — ay) +++ (#4) 
+ (@ — a) (@ — ag) +++ (@ — ay) 
+ +++ + (&@ — a1) (2% — ay) +++ (@ — ay). 


A= 10 0 O48 Ol=(h—2 —-& =-277..' =o 
1 at 2 My la—2x 0 0 0 
dient On as oe ee Oop ee re 
| Rs ee i a Lae O as—2... O 
NT ae a aie age, ts ie 20a) QO ...a,—2@ 


Then, as in the preceding example, 
& 
A = f(a) — af'(@). 
64. To the expansions of the preceding article we append the 
solutions of the following determinant equations. 
I. Solve the equation 


A=la a aq a,|=0. 
Gy 10> Oy, Oy 
a, a, GW ay 
a; Oa, QA & 


We find by easy reductions 


A=(#—a,)*| & o, a, o,|=(#—,)°(@+38a,)=0. 
— TO 
—1 0 1 0 
—1 0 0 1 


Whence, @ = 0}, 4, 1, —daj. 
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II. Find the values of x in the equation 


Neate tb, 6. = 0. 
ee oy Dy | 
Be 6). Pat Oj 
Co On Oy 2 


A=/e4+qQ,4+4+¢ a Ob |= (@+Hq4+54+)|1 a, db) G 
t+aq+b0+¢ 2% G by 1 econ 
et+atoteq ¢ ve HY 7 LG SO 
eta,t+b+¢, 0, a # LOO 

=(@+a,+0,+¢,) (@—a+b,—¢,)|0 —1 1 —1l. 
eee ees 


LC, ee he 
Ne are eat 
Put the two polynomial factors =A and B respectively ; then 
the last expression 
0 0 —1 0 


=A. B. 1 : e+ Cc, Cy b+ Cy 
1 wt+e ve ate 
1 b+a, G&G Gte 
0 0 —1 0 : 
=A. ba 1 0 cq OF +Fq—-a—2 
i! 0 Hh 0) 
i bj+t+a—-e¢—e, G 0 
Whence 


(@ + a+ 0+) (@ —aq— 4+ by) (0, + a4 —a# — C1) 
(a4,+x—b,—¢,)=0. . 
“6 &=—(%4+0,4+4),. (h—di+4), (—G+ ay), 
(b,— a+ ¢,). 
Ill. Find the roots of the equation 


A= a? b° C = 0. 
(a+a)® (b+A)* — (¢+A)? 
\(2a+aA)®? (2b+A)® (2e+Ad)? 


From the third row of A subtract the first row multiplied by 8, 
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and from the second row subtract the first row. Then subtract 
the second row from the third, and we have 


A=3HX ae pb (os ; 
sa +380A+r 307+3b0A4+N 8°+304+d, 
307+ aA 3b? +. DA Hee a 0,8 


Now subtract the third row from the second, and 
A=323 | en b° Ce |=0. 

\2a+trA 26+A 2et+a 

Sa-+ aA 80+ OA 38C-+ ex 


From this equation it is obvious that three values of A are zero ; 
the other two roots can be found by equating to zero the quad- 
ratic factor of the first number, and solving for X. 

A may, however, be further simplified as follows: subtract 
the first column from each of the other two; then 


A = 8d°(c—a) (b—a) a Ptab+a e+ac+e 
2a +r 25 2 


Sa°+arA 304+8a+ArA 3c¢6+35a+A 


Now subtract the second column from the third, and 


A=3\°(b—a) (c—a)(e—b)| a a+ab+bh> atb+cl. 
2a+A 2 0) 
JO Ato el Deo 3 


Finally, add the second column multiplied by —a and the third 
multiplied by ab to the first, and afterward subtract the third 
multiplied by a+ 5 from the second; then 


A=3)'(b—«a) (c—a) (ec—b)| abe — be — ca — ab atb+c|= 0. 
r 2 0 


0 r 3 


Whence three values of A are seen to be zero, and the other 
two roots are readily found from the quadratic 


(a+b +c) d+ 3(be +ac+ab)rA+ 6abe= 0. 
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65. THrorem. — The total differential of a determinant A 
is a sum of n determinants, each of which is obtained from A by 
substituting the differentials of the elements of a row for the 
elements themselves. 


Let A = |X Yo2s +++ t,, |. 
Developing in terms of the elements of the ith row, 
A= @&X,+ y%Yit- 4Z,+-: + ¢T, 
dA =du, X;+ dy, Y,+ dz;,Z,+ «+--+ dt, T,. 
There must be x such expressions for the total differential, each 


of which is obviously A, after changing the elements of the 7th 
row into their differentials. 


*, [dA]* = | dx, dy, dz, ... dt, a et | OM Mer Ne ol 
ga) ay ee 2 dat, Wye des i5 Giey 
| vy Yn wy ot A a, Wr wy vee ie 


1 ] 
a eee - | Hy Yi @] eee ty ° 
| Hi) Aya Melee lo 


de, Pe Yn dz, * dt ; 


From the differentials, partial or total, we, of course, pass 
to the corresponding derivatives in the usual way. 


Illustrations. 
eet oT ee i\dM M\. dildM M\|\=|@M M\. 
Soe alee Slane N.| dN N| |\@n NW 
Let | Gyy Clg gg Oygl = A “| 2b. e+, 
GG. = 2 Oe 
l6%e. BE 0" 
OF -2e ht 
dA a 936 ¢ ae : 
ay Ba 2¢ ke i b - 
O20 Kh 


* The [ ] denote the total differential. 
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oF = Ay + 2+ das + 1,= 46° aan : 
i209 & Olea, 26" 
a Bp xe 5 oue 
be Wek 
“= = Ay; +Ayt 2A+ 2Ay = ++, 
IA 
ap Aw t Aa = OS Oh 


66. THrorrem. — /f the elements of A are all functions of the 
; “aa ; : 
same variable &, a. equals the sum of n determinants, each of 
which is obtained from A by substituting the derivatives of the 
elements of a row for the elements themselves. 


~The truth of this proposition is evident from the preceding. 
Thus, if 


A= 1 fiul®) fo(@) «Ain (@) |; 
Fal) fal@)- » Son) 


eyes Pe or Sra(@) 


dA . Su’ (x) Jie (w).. -Fin' (%)| =f Fu() Si2(@) - Pewtin ayo ee 
dav tak) Ja) - Fin) Jan! @) Fea foe = Fan . 
faa) 8 2(@) Fin (2) Fal) fale) « --Sau(®) 
+] fiu(@) Sio(®) +++ fin(&) |. 
fal®) Fra() +++ Jon (@) | 
Fal (2) oe (@) Soa! '@) 
eb A=)/1 Aik 0) 0 = Ay AvdAg ah a 0 0) 
Dee ahs aed Ay 
1 Ae At ia! 
Sih ote aac time re A ee tee 
0 as x 
Xx Ag 
O50 1] 


oe. 
l¢ ‘ 


the student may show that 
eile 


1 0 pis 


di Pe i 
| re iG 


RS : og 


4, 


-CHAPTER III. 
APPLICATIONS AND SPECIAL FORMS. 


67. We have now discussed the origin and some of the 
_ properties of determinants ; it remains to show how useful these 
functions are in application, and to examine some of the Special 
Forms that are of frequent occurrence. Within the limits of an 
elementary work like this it will be possible to select only a 
very few of the many important applications, and to touch 
somewhat briefly upon the special forms. Enough will be given, 
however, to enable the student to pursue his further investiga- 
tions with pleasure and profit. We now return to the problem 
with which we commenced the presentation of determinants, and 
proceed to the 


Solution of Linear Equations, and Elimination. 


68. Consider the set of three simultaneous linear equations : 


aye + yy + 2% = my, | Qipl0y, tale 
Age + boy +O2%=M,>r, and A=ld, by Cy 
Age + boy + Coz = Mz Gg) Daawe 


Multiply these equations by A;, A,, and A; respectively, and 
add by columns, obtaining : 


(a,A,+ Cla Ay+ MsAs) & + (0,4, + b.A_+ b3As)y 
+ (GA, +C,Ay +6,A5)2 
= m,A,+ M,A,+ mgAg. 
By 45 the coefficients of y and z vanish; the coefficient of w 
is A =|a,b,¢,|, and the absolute term is | 7, bo ¢,/. 


W hence a lm, by CsI 


=o 
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If we had multiplied the given equations by B,, B,, B3, we 
should have caused the coefficients of « and z to disappear in 
the resulting equation, and would have found 


_ [dy Ms Col 
Raa Cyl 


ec 


Using C,, C,, Cs as multipliers, we should find, similarly, 


[ay by mel 


a 
dias Cs 


69. To generalize the solution of the preceding article is now 
an easy step. Given 


Cy © PE Ayg@g +++  AyyB, H+ + Ayn%yn = M, | 
eh ot be Ft oves eH, os + Aan Ly = My 

. . eee e ° eee eee 3 1 ee 
Ch, ney + “afte fees +H, oes + A, Lp, = M,! 


Ani} se a. >a Es Any, mse ioc ae AnnXn =H My 


and ee VOR UG ts it Pie Oa 
Co Coo eee ho, eee Hoy, 
Lib oe lade, od ate Dial ao aes, 
[Un Ang e+ ny Grn 


Here A is, as before, the determinant formed from the n? co- 
efficients in the first members of equations I., and is called the 
determinant of the system. 

Multiplying equations I. in order by Aj,, Ao, ... Ars «+» Anys 
and adding by columns, we find 


(@y-Ay, + AyAy, + ++ + py Ayyp 2+ + On Any) X 
+ (Gye-Ay, + Mego, + ++* + ie Fa aria Peat) 


ae et sine sets Beio 
+ (@y,Ay, os Gin, Ao, ate ts “+ me = tae = tua 
fe cor sia Sere 


aie (QnA), a2 Chon Loy 2 = oes = aa os . — vy 
= M,A,, + MAo, ++ + m,A,, foe + m,A,,. (A) 


84 THEORY OF DETERMINANTS. 


In equation (A) the coefficient of all the unknowns except the 
coefficient of w, vanish, and the coefficient of 2, is obviously A. 
The second member of (A) is evidently what A becomes when 
My, Mg,...m, are put for the corresponding elements of the rth 
column. Hence 


~% 


v,. — yy Co aes Md, eee yy yy C49 eee (14> eee Cin . 
Co Choo eee Mao eee Chon Og, Choo eee Co, eee Chon 
Ay Cys mM, LO Og 6 A hap ee 
Ay Cyne eee My, eee On ny Ang eee Any @on hin 


Translating this formula, we have : 


The value of each of n unknowns in a set of n linear simul- 
taneous equations is the quotient of two determinants ; the divisor 
(denominator) is the same for all the unknowns and is the deter- 
minant A of the nth degree formed by writing the coefficients of 
the unknowns in order (i.e., the determinant of the system) ; the 
numerator of the value of any unknown as x, is obtained from A 
by substituting for the elements of its rth column the second mem- 
bers of the given equations in order.* 


70. The following modification of the solution already given 
of equations I. will be interesting. Employing the same notation 
as in 69, we have 


x, A — yy, Clyo eee Cly,. v,. eee yn 9 
Co) Coo eee Clo, XL, eee hon 


ee eee eee eee eos 


yy b,.9 eee Upp HU eee Bho 


yy 9 eee (Grip X,. eee Ann 
which, by 37, 


* This is the rule for the solution of simultaneous linear equations first 
obtained by Leibnitz, and subsequently rediscovered by Cramer. (See 
opening paragraph of Chapter I.) 
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=| Ae Uyp—y yy My qo Lg +> 
Ag, — Cgg Mg, 1 gy By Ugg Wg ++ 
Gy Ang App—1 Uy By yg Xa- ++ 
Any ng Any—y Ay ef Ang V2 “+ we 
i Ain Ly Uy y4.1 
ai Aon Vy, Coy+1 


+ Ayn Vy Uppy 


+ Onn Un Cr+ 1 


SPECIAL FORMS. 


ae Yy—1 Cy arr Ay, &;, i 
i Cgy_1Vy_1 =F Cy. Eis Patt: 


“4s Upy_1 &, Zi py Uy es 
= Ayyp—1 Up + yy, fe a 


Ain . 
Coy, 
Ayn 


Oy a 


Now substitute in the last determinant the values of the 


elements of the 7th column, and 


v, A =|, Ay DQy=1. My 
Co, Age a1 Mz 
4 Cb,9 Caren ,. 
ny Ong Oy y—1 My 
GR Di aotes TB Pins Gal 
| (1499 eee CL,.». eos Os, | 


as before. 


a In |? 
Con 


Ch, "rt 


ro) 
s Onn 


A simple example of the methods of 69 and 70 is the solution 


of the following equations : 


De + BY +3z2= 48 Tati 5, 

2x+6y—82=18;7. HereA=|\2 6—3)=—231, 

Sa aye ge 21) 8—3 2 | 

48 3 3 5h 48 3 5 38. 48 

18 6—3 2 18—8 Ae LS 
eens 21—3 CAPO tenth oe ase he oe pe oe Cele 
< —231 i", —231 PS) Spee 
As another example, we may solve the equations : 

Y+2 +u=a ) Aas eae hee | 

z+tuta«=b | a ae sl ae lark 

one Ss r. Here A= 110 1=72 

bale se 


e+y+z=d 
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The student may show that 
e=3(b+c+d—2a); y=s(e+d+a—2b); 
z=3(d+a+b—2c); u=t(a+bd+c —2d). 

71. We have hitherto tacitly assumed that neither A nor m, 
(¢=1,2,...n) should vanish. If A vanishes and m, does not, 
the value of each unknown becomes infinite. If m,; vanishes 
while A does not, the values of the unknowns are severally zero; . 
but when m, vanishes, the system consists of homogeneous 
equations, and their solution is given later. If m,; does not van- 
ish, but A and the numerators of the unknowns do vanish, then 
we have the following theorem. 


72. If the equations of a set are not independent, i.e., if any. 
one (or more) is a consequence of the others, the value of each 


unknown takes the form o 


Since the equations are all linear, any one can be derived from 
the others only by the addition of two or more of them after 
each has been multiplied by some constant factor. But this 
gives rise in the determinant numerator and denominator of the 
value of any unknown to two or more identical rows, and hence 
numerator and denominator vanish. 

For an example, take 


2, +O% +6,% =m ) ab, 
Cy, +O,% +,% = Me ‘> where A = dj] Q» by Co| = O. 
0322, A,B, Bob Ay C) Ue= Ay Pad a, Oy Cy 
We find 
My, b,c 
Mg Dy Co 
= Cy we oy 1 ae ry, Wie Cee ye 
A 0 A 0 A 0 


For a second example, the student may show that the values 
of the unknowns in the following equations take the form >. 
Se+2y—5z= 4 
6x—38y+42= | : 
oe 22=—2 


APPLICATIONS AND SPECIAL FORMS. 87 


73. If m=m=::-=mM,_,;=0, and one m as m, does not, 
we evidently get 


ae MyAny mae Mien. 2 pie MnLAnn 
wd eee A ) ; n A 
x a. ay mM. 
Whence ede ein ee A sige ee a 
Ay» Ain A 


74. If.m=m=-+-=m,=09, 7.e., if equations I. become 
homogeneous, then, unless 2%, %,-+-«, are severally zero, A must 
vanish. 


F/ ee 
In that case, equations I. become 
by Oy % 4 Aye Wo-b +> Oy, Us Oye, = 0) 
aa Cir OT + Uae a ae pane | 
ere wa Sale fs Vip 


L. a ant tats is ie CO ites one ie ‘ | 
L,= a ae OngW. of .. er Ay, X, oe ite sie OyyC, = 0, 


Since 2, A =| yy Ggp Ogg +++ M2,°** Uan| =9 (m, being zero), the 
truth of the assertion is obvious. 
An example is furnished by the homogeneous equations : 


Ay, ®y + Ayy Wy + Ayg Vs = 0 | 
Cg ®y + Ogg Lo + Agg%, =O >. (£) 
Ag) % + Aggy + Ags W; = O 
Multiplying equations (Z) by Ay, An, Agi, respectively, and 
adding by columns, we have 


(ay Ay + dyAg + yA) ) vy 
+ (4,4, + op lo + A39.Agy) X 
oi (3A), + dgAg + 3g.Agy) Xs =). 


The coefticients of «, and x, are zero, and we have 
A=0, “~A=0. 
As a further illustration, the student may show that if 
NWA VIY HW2 ZHU (YR, Z) HV (2X, AML) + Ww, (WY, + ay) 
is zero for all values of x, y, and z, then 


uvw — uur — vo? — wwe + 2 wWvyw,= 0. 


oa 
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Observe that by the given conditions the coefficients of a, 
y, 2 moust severally vanish. 


75. With the help of 74 we obtain an interesting proof of 
the multiplication theorem of 53. Consider the simultaneous 
equations 
; (a —A)ay + 01% + 4% =0 

Mo%, +(bg—A)%+ G2 =O? 

3% + Og @. + (Cg — A) #3 = 


By the preceding article we must have 


A= —Xr b, Cy x0, 
Op bo—-X 
Cs bs Co — Xr 
or vV—MN+NrA-P=0; (a) 


where we notice especially that 
P =| a; 0, c, |: 
Let the roots of (a) be Ay, Ay, As; then, evidently, 
P=—r, dg dz. 


Now, from I. we obtain three new equations as follows: 
Multiply equations I. by a,, a, a; respectively, and add them 
together; also multiply equations I. by 6, B., 8; respectively, 
and add; finally, multiply equations I. by y, yo, ys; respec- 
tively, and add. We now have three new equations where the 
determinant of the system is 


A! = |d 0, + Maz + Gza3;—a,A ya, + Day + bz, — ald 
(ty By + Ay Bo+ AsB3— BA 6, B+ be B2+ b3B3— Bor 
(ly 1 + Ae Yo + U3 ¥3— Yi A ayn = bey2 == bs ys — Yor 
(10, + Coa, + C303 — a3r] = 0, 
€ By + Cy By + C3 B; — Bor 
Cryi + Coys + C33 — y3A 


or Qn — Ma? + NA—P,=0, () 
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where we observe that P, is what A' becomes when we put 
A=0, and that 
Q=la, Py on 


Further, since 
et ee 
it follows that 

i P,=PQ=I|% by ¢,|Xla, Be yet. 


But P, is exactly the determinant obtained* by 53, and this 
was to be shown. 


76. The condition A=0O being fulfilled, the equations no 
longer determine the actual values of the unknowns ; they deter- 
mine only the ratios- of these values. For, if a’, a’, ... x! 
satisfy equations II.,so will hay’, ka,',... kw,', k being any factor. 
Any n—1 of the given equations will suffice in general to de- 
termine the ratios of » —1 of the unknowns to the remaining 
one. An example will make this clear. We employ for brevity 
~ only three equations : 


Qe+hy+o2=0 
y@ + dy +6% = 07 (a). 
3% + O3Y + C2 = 


Write these equations 


Bu Geog ae 
Hb Zz 
Ss Dee b 
Pits yy De Eck ) 
wv Zz 


From any two of equations (b) we may find the values of 
: 5 ; thus from the first two 
¥Y Y . aan 
ee |b, ¢s| aV & _ 1 bs| 
y Jay ca) | Co| 


ae 
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Again, equations (b) are to be simultaneous; hence these 
values of 7 and 5 must satisfy the third equation. 


Substituting, 
ag| Dy Cy| — bs! dy Col + C3 A, bo| = 0 ; 
or A=0. 


Since from the preceding equations “ also equals 
y 


® |b; C,| |b, e 
_— Oo > ——_ 3 
[% Cz |q CsI 
we have a Ag 2 Ags as 


In the same way, 


and hence 
a Ay Ay A 
gies Gene 
or, 
GB Ea as eae one OF 
== A; Dot Ge 
eo Aes Be he, 


That is to say, The ratio of any two unknowns in a set of 
homogeneous equations is equal to the ratio of the cofactors in A 
of the coefficients of these unknowns in any of the given equations. 


The general proof of the proposition just stated may be given 
as follows. We have to show (equations II.) that 


De hg Baer SOY cath Be eA Aaa t Galan tenant el ee 
ae Brees oe Age : LZOr Es As,’ DOCEE Ay 


= AG : Ano : A, ae ade poe va 
If these proportions are true, we must have the equations 


CAA, (A = constant; p=1,2,---). (£)) 
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The equation | 
zn + dong oes Op Aye Fees + AmApn = 9 (A) 
is always true, whatever the value of p, since A is itself zero. 
Substituting in (#,) the values of 
ike Ages. ans 


as obtained from (£,), and multiplying by A, there results 


— 


Cy Ay gy + AygWg oes $+ ,,%, + oes +.4,,%, = 0. 


This last being a true equation, the proportions from which it is 
derived must hold.* 


77. From the last article, or the two preceding articles, 
we deduce the important conclusion. Jn order that n linear 
homogeneous equations may be simultaneous, it is necessary and 
sufficient that the determinant of the system vanishes. In that 
case any one of the equations is expressible linearly in terms of 
all the others, provided the first minors 4, do not all vanish. 
For we have in general, A being zero, and /,, Jy, .../, repre- 
senting the linear functions of equations II., 


LA, a 1yAs, oy tt (bee ee =O; 


hence, if one at least of the first minors Aj,, Ay,,...A,,, is not zero, 
as for example A,,, 1, must be expressible linearly in terms of 
I,, ls, ---¢,, and hence J,=0 is superfluous. If all the -first 
minors vanish, and one at least of the second minors does not, 
then, similarly, it may be shown that two equations are super- 
fluous, the system being doubly indeterminate, and so on. 


78. Among the proportions of article 76 consider the 


following : 


odie. (P) 


Mh Oates ke hy eens hoy the er 


'* This demonstration applies of course so long as the first minors of A 
do not all vanish. : 


92 THEORY OF DETERMINANTS. 


Any, Anos Ang *** An, are, none of them, functions of the 
coefficients of the last equation of set II. in 74, 


. Ayyry = ie Ongt'g + Ang Vs -- re + Onn n —— 0. 


Hence, proportions (P) give the ratios of the unknowns 
5 Yo, Ws, +++ X,, that satisfy the n—1 equations 


Cy yey oo Cy9V9 +-- o+ Ain Hn = 0 
ge + AV lite nae ye = 0 Fs 


Oy Wey eae Tee ae ih nly = 0 


if we denote by A,, the determinant formed from the co- 
efficients in equations III. after suppressing the first column of 
terms, by A,, the determinant formed from the coefficients of 
equations III. after suppressing the second column of terms, 
and soon. Hence having given n homogeneous equations con- 
taining » +1 unknowns 3 


(ly, Uy + Ayo @y free Uy n41 Uys = 0 
ey ae Sten ae ren 38 Aon Bap = UE hes 


Any X+ Aygo ae os ene Crn+1en41 = Soy 0 


we find the ratios of the unknowns as follows: 


; es at 
put A; = (1)? | dy yg eee yg Oey 222 Qing |- 
Mo, (gq s2* Agy_-7 Cozy *** Coniy 
ny Ong *** Gngey Wai *** Unn+i — 


Then from what precedes 
2 Mgt Mgirest iy Ay: Ag: Ag: +s: Any. 


79. Consider the following » equations containing n—1 
unknowns. . 
Ay A MyeWp + Ain aM%-1 +P =9 


Co @) Fe Coo%o i re Gon—1Un—1 TE Ig OS 0 : 
eee ee . eee ee eee V : 
{ s 


An— n%+ On — 195 2 zi ob Un — In— ee eas i 0) 
Ay + joy Ss stabs + nn—1%n—1 spew ee == ) 
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Equations V. may be made homogeneous by multiplying them 
_ by uw, and regarding xu, aU, ...%,U, u, as the unknowns, u 
being any arbitrary quantity. Whence, if these equations are 
simultaneous, we have by 77 


Ay yg ve Una Py sheath. 
Cy} Clos eee Cy), bt 1 Pe 


ee Ograseses Oncaneis Det 
Ony Cio weet nny Pn 

This result may be expressed as follows: n equations (not 
homogeneous) containing n —1 unknowns are simultaneous tf the 
determinant of the nth degree formed from all the coefficients 
(the second members of the equations being included among these 
coefficients) vanishes. 

This condition could also be derived from equations II., Art. 
74, by putting 2,=1. Those equations, n in number, then 
contain »—1 unknowns; and if the equations are simultaneous, 
we see that |q,,,| must vanish. 


80. With the help of the preceding article another solution 
of a set of linear equations may be obtained. For brevity we 
employ only three equations : 

(1) aay + dy Hy + ay = 7% 

(2) GyXy + yay + CoX3 = My 

Take with these equations another, 

(4) Gy@ + Oy Hy + C42 = M4; 
which we suppose consistent with the first three, and in which 
4, Dg, Cy, M4, aYe undetermined. By 79 

a Fam gate OF me Ut 

or, cy Ay + 0, By + gC, + 14M, = 0; (5) 
where, as usual, 

A,=—(|b, Co Ms\ ; B= 0; Co Mel } 

Gi == 1a; 05 Wighj =a = |, By GA. 
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Now if we eliminate m, from equations (4) and (5), we get 


Os (x +} a -4- bi(a a) + cy (* 4 e sz (6) 


Since equation (6) must be true whatever the values of «4, by, C4, 
the coefficients of a4, by, c, severally vanish. 


if 
he en A, | ~ By. ae ae C, 
Vi Te ree ao Ramee em ra dg an ap aay | 
A A’ A 
A | my by C3 | lay Ms | F | Ay bo ms| 
or, Cy SS Sty SS SS Ot= SS 
A ra A 


81. Let us now return to equations I. Art. 69. Considering 
My, Mo, Mz, ... M, a8 linear functions of the a’s, we can express 
any new linear function 


Cy ay as Co Xo ie ozs i CX, = ¥y 


in terms of the m’s. 
Thus, if we have given 


Cy hy A Coty eae Ga es ) 
(by, Hy + Aye ®y +t es + Ay, k, = MM, | 
Cg, @ - Ugg Hq + ++ + gn Hy, = Mo VI. 
Cy @, - Ajg@ot cee + Any Cy =. My, 
by 79, 
Al=[C1 Co ++ G Y |=0. 
Oni Gy + .2 Day Ty 
(lg, np) os5, Clg, Milby 


eee eee eee eee 


Cie Ge yok TTY 
Now if A =|a,,], we readily obtain 
| DS! ape rt ae 
or, t+ y=] C2 ve OS bs 


jy Uijote on ea fete 
rs Peas eae es Maa) OP 


De i he all Uo 
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82. We have seen that if » homogeneous equations are to be 
consistent with each other (simultaneous), the determinant of 
the system must vanish. The equation 


A=0 


then is an equation of relation between the coefficients, and is 
really the result of eliminating the unknowns from the given 
equations. We shall soon investigate this resulting equation of 
condition or resultant in detail. We here deduce a general 
form by. which the result of eliminating n unknowns from p 
given lnear equations, supposed simultaneous, may be ex- 
pressed, p being greater than n. 
Given 
yy Hy + Ay. + +> $A, 0, = 0 
CyB, + Ugg By + +++ + Aon, = 0 
a ty ; Ae 2 VI. 
ChyyX + Ang ®e + ++ $A, %, = 0 
Oy By Aga Xg +--+ + Ayn Ln = 0 


If these equations are to be satisfied for other than zero val- 
ues of the variables, the determinant of the system for any n 
of them must vanish by 77. The equation expressing this con- 
- dition is obtained by writing 


Ay Cly9 eee Gy, { 
; | h WwW / i 
Oy Glog x0 Ong Come pf» 1D 


| 
oF 


© 
ad 


Ont hyo sexe Onn 


a Ogg <i ge 


Equation (1/7) is accordingly interpreted to mean that every 
determinant of the nth order formed from any n rows of the 
matrix on the left must vanish. For an example the student 
may eliminate the two ratios x, : 7: a”, from the five equations 


0,0, + 6, 2%, + 6,0 =O (t= 1, 2,...5), 


oN, 
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obtaining the equation 


> OG i= 0, Ora. Up Gs ay dew 
Mg by Cy b; by, bs Og O05 

(iss Onetots oan 6 ates Oe (en 

Cy DEC 

ds Os Cs 


83. Suppose we have given 
(14H ~f Dias ia Cy U3 + aes, — SP 
Chg + Osis + CoXy 4. det, = 0, 
Onx€, + Oya, + C03 + dex, = 0; 
then, by 78, : 


a lt, Dy d| : —la, bo C3| « 


Uy = Uo s Les C= [d, Cy ds | == es Cy di, 


Substituting the values of 


we get the relations 


Ay | by Co dg.| — b, | dy Co dz] + ¢) | ay by dz] — dy | ay by cg] = 0, 
Gy | Dy Cy ds | — by] ay Cy As | + ¢,| a, bo ds | — d,y| a, by ca =a HS 
as | By Co ds| — bs | dy C2 dg +¢ 3] My by ds | — ds | dy de es | =0, 


which are all expressed by the matrix 


Get sO So tal 
Ge 05) 5 Og 
Oeil0. 


iy 1) 
oO o 


To generalize this, we return to art. 78. 
From equations IV. we found 


X, Wo 3 Ws 3 ae Vnr+1 =e5 A, & As: A; wee Anse 
Substituting in equations IV. the values of 


Le Un+1 


18 a) eee, 


its poe 1 
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given by these proportions, we have 


Gyeey Tf OiAg + s+ F OLA, + Oyj 4,4,=0 7 
Ay, + cae Se BR a aa Ana = 0 ° 


AA, + a, os ee ce Digs Che, Fess =0 0 oie 


Ay yAy = AyoAo a “hed “= Any A, sist mi oe Cian. + ae eA) 
These » relations are expressed by the matrix 


yy Cy EY Cy). ens. yn Mn41 = M. 
Gq, gg “2 Ay 22 Alay Cony 


“a 


Cb,-4 Ct, 2 spy Ain dh, n+l 


Uny Ung ***- Ane °° Cnn QAnn41 


We have accordingly, in general, from a matrix of the form 
M, the following relations : 


yy |Ayg yg ce My, ets Ayn Anta] — AQ} Gy Ug ce Gy ses Ayn Aint 


Clog lag se* Ca, *** Cogn Clonqi Cg, Cyg 2+ Ugy *** Con Oonsy 
bye yg 22% Any 29% Urn Any Ay Apg 2% py 29% Ayn Aynty 
ng Ong sip oe" Ong Onn+1 Unt Ong *** Any °° Ann Cnn+1 


te £(— 1) Ong] Oy ag + Oy, “Og | =O, 
Gg, Ugg 22% Cg, ses Con 


eee eee eee eee eee eee 


Ope tn Cig fee lige ei 


Gny Ung °° Any, 28° Gy 


in which 7 has successively all values from 1 to n inclusive. 


ag 
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84. We will now select a few examples to illustrate the . 
foregoing processes from the vast field of application. 


I. To. find the condition that three right lines shall pass 
through the same point. 


Cbg + boy + Co = 0 

gt + bgy + C3 = 0 
be the equations of the lines in cartesian co-ordinates, and let 
2%, y, be the given point. Equations (A) must be satisfied for 
C=, Y=Y,; hence 


he + Oy, + = o| 


Let Me + by +¢,=0 
a 


CoH) + boty of Co = 0 (B) 


Ast + Dgy + Cz = 0 
But in that case, by 79, 
| bo¢5| = 0, 
which expresses the required condition. 


II. To find the condition that three points shall lie on the 
same right line. 
Let (2, Yi)> (Bey Yo), (sy Ys) 


be the given points, and 
Clye + Dy + — 
the equation of the line. Then 


aya + dy, +6 = 0, 
Cpa + Ora + Cy = 0, 
Cg + Ogg + Cz = 0. 


Whence the required condition is 


Hy Yi 1 = 02 
Wy, Yo 1 (R) 
Wz Ys 1 
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As an application of the present example, we show that the 
middle points of the three diagonals of a complete quadrilateral 
lie on the same straight line. 


The three diagonals being OC, BA, B,A,, and their middle 
points F, D, E, we have to show that F, D, E are on the same 
right line. 

_ Take the vertex O as origin, and the sides O.4,, OB, as axes 
of reference. 


Put @,=0A, G,=0A,, 0, =]O08, b;=028,. 
The co-ordinates of D are se - and the co-ordinates of F - 


are a “ The abscissa of F is half the abscissa of C, and 


the ordinate of F’ is half the ordinate of C. Hence we have 
to find the co-ordinates of C. The equations of AB, and A, B 
are respectively 


ae ae. | 
+- oe 1, or bet ay= ab; 


a, 6, 
a 
pa age 1, or b,@-+ doy = dyb;. 
ay 0; 


Whence the co-ordinates of C are 


(by Ay by Abe 
QD, Ae D, Aad; 
t= ———_————=, y= ; 
On, thy by Ay 
01 - G Oy ds 


oN 


\ 
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and the co-ordinates of /’ are 


BGs), | Uae 
2 (bo. — bid). 2 (b2a3— ba) 


Now, by equation (#) above, 


A= Cy d, 1 =), 
2 2 
2 2 : 


Cy (ly (bo — b,) D, b,, (dy = (ty) 
2 (Bde a= bj Cty) 2 (b9 Ay ae by a;) 


if the three points are on the same straight line. 


ie 1 Cy } Db, 1 
4 (bya. — 6,41) Cy by 1 
4 A(b2— 0) OD, b.(d2— Gh) by dy — Dy yh. 


Now add the third column of this determinant multiplied by 


— a, to the first column ; also add the third column multiplied 
by — 6, to the second column. Then 


= 1 0 pee 1 
; 4 (by Ag = by) As es Cy Do a Dy ] 
| Cy b, (a aes (hy) Oy by (dy ae by) Dy am) hae bd, Cy 


which is obviously zero. Hence /’, D,# are on the same right 
line. 9 


III. To obtain the equation of a circle passing through three 
given points. 


The general equation of the circle is 

| (a +y?) +2av +2by +c=0. 

If (2, 91), (Hs) Yo), (%3, Yz) are the given points, 
(a? + 9”) + 2am, + 2 by, + c=0, 


(a9? + 0") + 2am, +2 by, +c=0, 
(a3? + ys”) + 2 aa, + 2by,+¢= 0. 
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These four equations are simultaneous for the parameters 
a, 6b, c; hence, by 79, 


alae a 2a ch 

Gif 2 Oy 2 Ue a Vom 

ty + Yy” 2a By. 1 oe 
te + ys 20, 2y, 1 


which is the equation sought. 

That equation C is the required equation of the circle deter- 
mined by (2, 4), (25 Y2), (#3, ¥3), is obvious from the form of 
the first member. The determinant when expanded obviously 
gives a function of the second degree, and having the charac- 
teristics which distinguish the equation of the circle. Moreover, 
this equation is satisfied for v=2,, y=y,, since in that case 
the determinant vanishes. The same is true if w=x, y= Yo, 
Ono =- ,, 7 == Ws. 


IV. To find the relation connecting the mutual distances of 
four points on the circle. 

We must have, if the points are (a, 91), (We) Yo), (3) Ys); 
(2%, Ys), & determinant equation just like the last one above, 
except that the first row of the determinant will havé the sub- 
scripts 1, the second row the subscripts 2, and so on, the last 
row having the subscripts 4. 

Accordingly, multiplying together 


: 2 2 
x mM Y Myr? 


Pi 2h 29; 1 
Lh Yo We + Yo” 
i 
1 


1 
a + yy —2a, —2y | 
1 ty Ys ay? Ys. 
1 ty Ue ee + yy 


ty + ys —2%, — 2yz 
aptyy —2%, —2y, 


which are two different forms of the first member of shea 
(C) above, we obtain the required relation 


0 (12)? (18)? (14)2;=0, 
(12)2 0 (28)? -€24)? 

(13)? (23)? 0 (84)? : 
(14)? (24)? (34)? 0 


ex 


= 
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in which 7 
2) Say @)? + (Yi — Ye)", (18)? = (a — as)? + (41 — Ys)’, 


and, in general, (ik)? is the square of the distance between 
the ith and Ath points. 
Expanding this determinant by 63, III., and adding and 


subtracting 4 (12)? (13)? (24)? (84)?, we obtain 
[ (12)? (34)? + (18)? (24)? — (14)? (28) "7? 

—4 (12)? (18)? (24)? (34)? = 0. 
3[ (12) (84) — (18) (24) — (14) (28) ] 

[(12) (84) — (18) (24) + (14) (28) ]§ 

x §[(12) (84) + (13) (24) — (14) (28)] 
[(12) (84) + (18) (24) + (14) (28)]3=0, 

or (12) (34) + (18) (24) + (14) (23) =0, 


which expresses the condition sought in its simplest form. 


Whence 


VV. To find the condition that two given straight lines in space 
may intersect. 


(a) Let e-a Y-B #2-y 
a ae se : G) 
Cy b, G} 
oe Pe ee i 2 
Paok car PO I Ai AeA (2) 


be the equations of the lines. If these lines intersect, the 
plane pe+qy+tre=d 


may be passed through them, and we must have for the first line 


pa Gee alae Lega (3) 
pa, +9, +7, = 0)? } (4) 


and for the second line 


; py + 9Rit+ry=d i ee (5) 
PU + Qbo+ re2=0) (6) 


‘ __ oat ate 
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From:(3) and (5) 


p(a—a)+9(B-B)try-yn)=9. (7) 
(4), (6), (7) being simultaneous, the required condition is 


Cy b, Cy — 0 e 
Cy by Co 


d= 0. 8 —- 8; V2 


(b) If the straight lines are given by the equations 


2+ by+aqz=d, } 1) 
nt + doy +62 = dy J’ ( 

ag& + Dsy + 032 = ds ; 2) 
4% + Oy + O42 = Ay ( 


these four equations are simultaneous for the point of inter- 
section (x, y, z), and the condition of intersection is 


| aay bo Cy, | == (0). 


VI. To find the equation of a plane passing through three 
given points (21, Ys %) 5 (25 Yo» Zo) y (3, Y35 %3). 
Let the plane be 
Hetbhy+qz=d,. Crs 
We must have 
4% +H +4%4= ) 
(ty V+ OY. +O % = a>. (D) 
Cy 3 + O1Y3 + O23 = dh 


Equations (D) and (1) being simultaneous for the para- 
meters a, 0), ¢, d,, we have for the equation sought 


ey 2 1i|=0. 
% Y% 4% 1 
®2 Yo % 1 
Wz Ys, % 4 


NS 
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VII. An interesting application of determinants is afforded 
by the following problems. 

(a) To extend a recurring series of the rth order without 
knowing the scale of relation. 

As is well known, a series of the form 


Uy HUB UW? tere tw, ar Tp oe BU, w+ eee 


is a recurring series if the relation of any 7 +1 consecutive co- 
efficients u,, &,_1, +: U,_, can be expressed by a linear equation 
(the scale of relation). Under these conditions the series is 
called a recurring series of the rth order. Every such series is 
accordingly determined when 27 of its consecutive terms are 
known. If all the coefficients, with the exception of the 27th, 


are known, this last is easily found. By the conditions of a 


recurring series 


Up A Pylby_y + Polly-2 + Psly-g Fes + Prats FPUo =0 
Urti  Prt, + Pytl,_1 + Psllp_o + +> + Py_1Us i ape eran 0 


Uop—-1 + Pyloy-o+ Potlor_g + Psllor—4-b *** Pye 1 Py Uy1= O 
Uo» A Ug, PoUlo,-9 Pgtlop— gt o0* HK Pps ae ai) (F) 


Now, by 79, 


U,. (Lees) Uy,_9 Uy, —3 Snake! Uy Up 
Upiy Up ipa Uplige 227! Ue 7y 


Uy ng Up sys ER ee Me 2 eg 0 
- ? 


Uo 1 Uo,—9 Uo,.2 Uo. 4 oe U,. ea 


Uo» Uo, 1 Us,_9 Woy 3 lil, U4) U,. 


whence 2%», is found by expanding the determinant and solving 


the equation. 
To find %.,,,; we have only to increase each subscript by GU 
Applying the above process to extend the series 


1 tot 5a®+1328 +: 


ois 
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we find 
Yas Cage a | fore =u Th em Ns any! 
Math a IS ak se Ole Fie ah 1B hase D2 
Ne fp tee arte LB TA a ear 


whence uw,=41, u; = 121, u,=365. The series is accordingly 
1a +52 4+ 130° + 41 o* + 121 oF + 365 0° + .... 


(b) To find the generating function for any given recurring 
series. 

Since a recurring series is always the quotient of two integral 
functions, of which the divisor is of a degree higher by 1 than 
the dividend, we may find the required generating function by 
indeterminate coefficients, as follows : 

Assume the given series 
See aa es a (T) 

T+ pit+ px +++ pa" 
(after both terms of the fraction have been divided by the AN 
term of the denominator). 

From the first 7 of equations (/”) of the preceding example 
we can determine the constants ,, p....p,. We may therefore 
find the scale of relation. We have from equations (/’), after 
obvious interchanges of columns, 


Up U,2 Ua? +.» +a 


Si Wee Ue a vlna 
=> (are | Us pila UC ny U,. 
aia? Ue aoe Pe 
ig 7) Tae 
ae 
Uy—- Us Teal tes 
Us e Ue U,. Upiy 
Unrate the 253s Won. Ueno 


Having determined the constants ,, p....p,, we need only 
clear equation (7') of fractions; and then, equating the co- 
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efficients of like powers of a, obtain the usual linear equations 
from which dp, @, a)... d,_, are found. 

For an example, let us find the generating function of the 
series we extended in the last example. 


Put 
2 3 ot eee et ane as s 
1+oetdbe? + 130% + 41 at + Sia ee aes (7) 
Here 


Ug = Ly yelp a oe 


9+ pi +p2=0 ) 9 
a” - ahh =—— £ == —35. 
13 Poy) eee fgg 


Substituting in the second member of (7}), clearing of fractions, 
and finding the values of @ and a, we find 


aM: a l—a-s 
oy eee ar epee 
85. The coefficients of the quotient Q of two polynomials 
P, and P,, and the coefficients of the remainder #, can always 
be expressed as determinants in terms of the coefficients of 
P, and P». 
The method employed in the following example is applicable 
in general. 
Let Py = aye? + a 2* + aya? + g2” + Og@ + As 5 
Py = by%? + b, 27 + bot + bs; 
Q =r + Ue + 3 
R=ne2 +7,2 +7.' 


Now PQ+R=P,; 
hence Ay = 0090s ¥ 
| dy = 01% + ON, 


(p) | Uy = 290 + 01% + 50 Ge; 

Cs = 0399 + 0291 + 2192 + 15 
= bs + 0292 + 115 
a=, * by Go + Ty. 
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From the first three of equations (p) we can find q, (1, G2, and 
then taking the first three with each of the others in succession, 
we obtain 7), 7,;, 7. For example, 
bP qo=| 09 0 - | 5 by m=|b 9 D0 ay |. 
lb, By ay | hoe? bee O° war 
Dae =D, a Gig: Dy oly cts! 
| b; by db, as | 
Let the student find the remaining coeflicients. 


86. The coefficients of any equation can be expressed in 
terms of the roots as the quotient of two determinants, as fol- 
lows. The method employed is applicable in general. By 
reference to examples 6 and 7, page 37, it is readily seen that if 


J (#) = & — aya? + dye — a; = (4% —a) (@— B) (@—y), 
we have 


ap ira Se | =— (B—y)(y—a) (a—f) (w#—a) (@—B) (a@—y). 


eg) BE fp | 


Expanding the first member, 


—|a 6 y\|+z\1 YF 1{-—al1 1 1lj+e|1 1 1 
a om i. oe og x | a B Y e p a 
by B | La 3 | | a? 3 | | a2 io y? | 

=| ae te 
ja “P-y A — 0, 0" + do % — Ay). 
Lee oe eae" 


From this identity the required expressions in determinant form - 
are at once obtained by equating the coefficients of like powers 
of x. 


87. With the aid of determinants we readily find the sum of 
the like powers of the roots of any equation, as follows : 


o% 
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Let 5), So, 83... 8, Genote as usual the sum of the first, sec- 
ond, ... nth powers of the roots of 


Gute + pv") + pa eo eige + Pn-18 + Dm = 9. (1) 


Then from the theory of equations we have 


Pr + =e 

2 Po + P18, + So = 0 | 

3 Ps + P28, + pis. + 83 = 0) . 
(n— 1) Dn—1-+ Pn—281 + Pn—s82+ Dn—s83+ na $y-1 = 0 | . 

My, FE Dy 181+ Pp—282-+ Pn—s83 °° + PiSnrAts,=0 J (S) 


From equations (S) we obtain at once 


S,== 6 1)- py i Ue eh) ee) 
2 Do Dy P3020 
3s P2 (Dy sare ae | 


(G1) i Pies Paes eee | 


NPn Pant. Pao 2 an 


If in (1) the coefficient of a” had been yp», we should, of course, 
=) instead 

Po 

of (—1)”, and py instead of 1, for each element of the minor 

diagonal of the determinant. If n=3, and n=4, the above 

formula gives 


have to write in the value of s, just obtained, ( 


2» DP, A 20, py 1< 0 
3P3 P2 Pr 33 Po pr 1 
respectively. . 4D, Ps D2 Pr 


88. Equations (S) can also be employed to give the value 
of the coefficients in terms of 5,, 8. 83... 8,, by solving these 
equations for the coefficients. We find 
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(—1)"| 5 il 0 Decca wai 
ess S} 2 0) 


Sy-1 7 Spa Sn—g Sak Ea Asis fee 1 


If, as before, the coefficient of 2” in equation (1) had been po, 


—o) instead of (eg 
! n! 


vt 


we would write in this value of p,, ( 


v= 3, and 7 = 4, 


Ea ee ee) 
Ps = ; } P= “1 
Gi) Sacer BA Sy Sis: Ye 
83 Sy S SHS Sy ino 


89. Any differential equation of the form 
Ys + X1Yo + Xo + Xsy = 0, (1) 


in which ¥, 4, Yo, Yz denote a function of a and its successive 
derivatives respectively, and X,, X., X; are also functions of a, 
can be reduced to an equation of the next lower order, provided 
a particular solution of (1) is known. 

Let y=z satisfy equation (1). Then 


2, + NX) 2 + Xyz, + X32= 0. (2) 
a 
Pius U=Y— Ue Qa 2th. 


Then, as above, denoting derivatives by subscripts, we have 


—v +2y,—%y = 0. 
— Vy + ZY. — %y = 0. 
— U2 + 23 + 21Y2 — Zoey — ey = 9. 


These three equations and (1) are simultaneous ; hence 


~~ 


110 THEORY OF DETERMINANTS. 
A = 1 ae eo XeY | tt] 

Ory 2 —V—2zYy 

OQ 2 OP> =O ha 

Zz 21 —= 2p) iE Y 


Now multiply the fourth column of A by *, then add to the 
y 


fourth column the first multiplied by z,, the second multiplied 
by 2, and the third multiplied by z,, and we have 


oe Pi aia 
0 0 az —V 
0) z 0) ely 
Zz zy] — Zo "5 
or V_% — V1 (2; — X12) + V(%_ + Xoz) = 0, 


which is a differential equation of the second order. 


Resultants, or Hliminants. 


90. If we have given a system of n homogeneous equations 
containing variables, or, what amounts to the same thing, 
m non-homogeneous equations containing n—1 variables, it is 
always possible to combine these equations in such a way as to 
eliminate the variables and obtain an equation of relation be- 
tween the coefficients of the form 


R=0. (1) 


Zt, when expressed in a rational integral form, is called the 
Resultant or Eliminant of the system. In 77 and 79 we 
pointed out the fact that the equation #A=0O must hold be- 
tween the coeflicients of a system of equations if they are 
consistent with each other (simultaneous). In the examples 
of 84 we repeatedly found the resultant of given systems of 
equations. Among the most important problems of elimination 
is the following: to jfind the resultant of two given equations, 
containing a single variable. 
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We consider first 
Euler’s Method of Elimination. 
91. I. Given 
Sf (@) = Po’ + pix + p2=9, (1) 
and p(&) = Qa + Vet dQ. (2) 
If these equations have a common root, we must have 


f(#) (2) 


Pe ie ge 


(b,% + bs), 


in which a, G., 5;, 6, are undetermined, since 7 is unknown. 
Then 
(bya + Be) (py? + pr % + Po) = (Gd, & + My) (Go U?+ Ge + qo2)- 
Whence the equations 
Oi pot 0 — 190 + a0) es 
by Py + BoP) — 1.91 — A2% = 9. 
by Po + bop) — Go — 21 = 0. 
0 +bop.+ 0 —Gq,.=0. 
Hence, by 77, the resultant is 
R=|\p 0 gq O|}=9. 


Pi Po 1 GI} 
Po Pi G2 UN 
ee 01 0 Os 


II. In general, let 

| F(@) = Por" + pu? + pou? Foot FP 1% + Pm = 0. (1) 
p(x) = Yor” oe Oa = qx" + ee == Qn-1% nm En a= (Fe (2) 

Let 7 be a common root of (1) and (2), and put 


f() —1 m—2 : pas 
Sg eH Og ote Oya BH Cy = f\(@), 


ot, * 


a 
oC) Dat boar? + oe th, eth, =,(2), 


~\ 
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in which the coefficients @,, Ge, +++ Gms 0,5 do, +++ 0, are unde- 
termined. Then 


Si(@) &(@) = $(®) S@). (I.) 


From the identity (1.), by the theory of indeterminate co- 
efficients. we must have m +2 homogeneous equations between 
the m+n coefficients @,, @2+++G,5 Di, Dos: b,. Hence the de- 
terminant of the system of these m-+7 equations must vanish 
if (1) and (2) have a common root, and the resultant sought is 
accordingly this determinant. 

As an application of Euler’s method, take the following 
example. To find the conditions that must be fulfilled when 


J (&) = pox? + p,% + p.% + pz = 0, (1) 
P(X) = Wx? + Ue + Gow + Ys = 0, (2) 


have two common roots, 
If (1) and (2) have two common roots, two factors of f(«) 
must be the same as two factors of ¢(#). Hence 


(a+b) (pov? + p,2? + po% + py) = (ca + d) (Gov? + NA? +420+93) 5 
where a, 0, c, d are indeterminate coefficients. Whence 


apy + 0 —cy+ 0 =0. 
ap; + bpy — cq, — dq = 9. 
yp, + bp — Cd, — dq = 0. 
aps + bp, — cds — dq. = 0. 

0 +bp,+ 0 —dq,=0. 


From every four of these five homogeneous equations we obtain 
a determinant of the fourth order whose vanishing expresses 
one of the required conditions. Hence the conditions sought 
are expressed by the matrical equation 


Po Pr Po ps O || =O. 
O Po Pri Po Ds 

6. Gi “Os geo 

0 8 hoa mH 
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Sylvester’ s Dialytic Method of Elimination. 
92. I. Given 


Pow + px? + pox + p,=0, (1) 
HU+ yx +q =0. (2) 


Multiply (1) successively by 2, 2, and (2) by 2, #, 2 Then 
we have the following system of equations : 


Do® + pie! + pow? +psa®,— = 02 
Dot + Pi® + pow’ + pw = 0. 
Go? + Gy tt + Goa? = 0. 
Got! + G0 + Gov rik 


WX? +e + qx =0. 


We may consider these equations linear and homogeneous with 
respect to a’, a, x, a, x, considered as separate variables. 
Hence . 

H=/P—P Di Po ps, 01=0.., 
0 Po Pr Pe Ps 
D6. Gi 0a GD 
09m nH mH YD 
9 0 wm Hh & 


II. In general, let 


S(@) = poe” + pwr tee tp, 72+ py, =, (1) 
(x) = Gox" 5 iy gu ae ae cif Gn-1% as Nn, = 0. (2) 


If we multiply (1) successively by a, a---a”, and (2) succes- 
sively by 2, 2---a”, we obtain a system of m+ equations, 
linear and homogeneous, with respect to a, , 2°, ---2”*" con- 
sidered as separate variables. From these equations we elimi- 
nate the variables by 77 and obtain the resultant in the form of 
a determinant of order m-+- 2 


\ 
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KS || POT Par a hae Puti Pnio *** |= 0. 
0 Po Pi Pat Pa Pree 
0 0 Po °°? Pn-2 Pu-1 Pn 
Go. Gi) Oo) a On 0 0 
0 Yo qi ae Pn sal Gn 0 
0 0) % eh at PR dn =i Un 


It is evident from the form of #& that the coeftlicients of (1) 
enter & in the degree of (2), and that the coefficients of (2) 
enter R in the degree of CL. 


Cauchy's Modification of Bezout’s Method of Elimination. 


93. I. Given 


Po® + PX + pow + ps = 0, 
Gov + U2 + Gox+ g,=0. 


(1) 
(2) 


Transposing and dividing (1) by (2), we obtain successively 


and 


Po pie + pov F Ps, 
Jo oie + Qo% + Qs, 
Pow i Bi teal cere. 
Wwe Gov qo + Qs ak 
Pot + pt + py Ds 
HP+Hnetd ds 


Clearing these equations of fractions, we have 


(Pod — GP) ao” (Po G2 — WoP2)*® + (09s — YoPs) =0, 
( P0F2— Yo PP2) & + [0s — APs) + (P192— MU Po) |e + ( Pi%Ws— Uh Ps) =9, 
(093 — Gos) ® + (1193 — MPs) % + ($293 — YoPs) =(0. 


Eliminating « and x, regarded as distinct variables, from 
these equations by 79, we find 
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R= | |po a! | Po Yo! | Po Ys | = 0. 
1% Gel | Po Asl+lar gel |p 4s 
| Po Yl lpr Fs | Po Qs| 


The resultant is found by this method in the form of an axisym- 
metric determinant,* whose elements are easily written, as we 
shall show by another example. Let the given equations be 


Dok! + PU? + pa” + p,% + py= 0, (1) 
and Jot! + 2 + qo? + 4,0 + q,= 0. (2) 
We have, as before, 
Po _ Prt? + poe + Pye + D4 
Yo Ne + QrX + gaa + a 
Pot +P _ Dat” + Pye + py 
Got + Gi Joe + 3% + Gy 
ei E 
Pot + Pre + py __ Ps® + ps if) 
Jor + UU + Go G30 + Ys 
Po®? + pix’ + poe + ps pee 
HWEHNM+GU+9, Ys 
Clearing equations (/) of fractions, we have 
| Bo Qi12® ++] Po Gale” +1 Po Gsla@ +1 po Gul =(), 


| Po G2l%? +L 10 Gsl-+ 1p Ge! J2° + Cl po dul +1 oi Gl Je +l yp, ql =0, 
| po Qsl@* + [1 po Gal + ¥ir dsl ]@° +1 grr ul +1 de Qs) Ja + | yo gal =0, 
| Po Gale" EL pr Gale” +1 po qal@ +1 Ps gal =0. 


Hence, as before, the resultant is 


R= |p al | Po Gal | Po GI | Po Gal | = 0. 
| Po Ql po 431+] pr Ql = lpo Gal tli gel tra Qual 
lpo 9s! po Gal +l oi ds! lor Gal + | po qs | Pe Qa | 
| Po Yl lpr 94! | Po qa! |Ps Ql 


ne ee ne) 


* For symmetrical determinants, see 107. 


iN 
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To form this resultant directly from the equations, write the 
two symmetrical determinants 


[PoM! |po 92! |Po dsl Io dl], and || pr Gl | P Yl], 

lpodel 109s |po gal lar Ma IP Ql | Po si 

lpoGsl |pe Gl lar gal po yl : 

lPodal [pr dsl lo gal lps aul 
formed from the coefficients of (1) and (2) in an obvious and 
easy way. It is then evident that R is formed from these two 
determinants by adding the elements of the second to the four 
inner elements of the first. If the equations are of the fifth 
degree, the student will form the resultant in the same way 
from the three determinants 


10%! | Poel | Pods! |po dsl Po Gs! |, li G2l lprgsl lpr gal 


|Po G2! |po9sl 1Po9sl Ipods! | pigs lids lpr gs! pe Gal 
| 093! | pos! |podsl |pr9sl | peo as! Lp. dsl 1 Pe dal lps gal 
1 Po Gl 109s! lpr gs! lps! | ps asl 

Pods] [pidsl 1podsl lps dsl |ps gs! I Po Us!» 


by adding the third to the middle element of the second, and 
then adding the elements of the second to the nine inner ele- 
ments of the first. This process is, of course, general. 

From the preceding examples we see that by Bezout’s method, 
the resultant of two equations, each of the nth degree, is a sym- 
metrical determinant of the same degree whose elements are either 
determinants of the second order or the sum of such determinants. — 


II. If the two equations are not of the same degree, suppose 
we have given 

Po® + pe + pox + psx + py = 0, (1) 

We +Ue +e = 0. (2) 


Multiply (2) by 2°; the equations are then 


pot! + pe + pox? + pyv +p, = 0, (1,) 
Qo @ + q ®? + qo = 0. (23) 
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From (1,) and (2,), 


Po: f: Di® + pok + pz + ps 
qo Het 
pot + py ds poX + ps& + Ps 

Yue + Oy Qox” 


Clearing these equations of fractions, we have 
| Po 1a? +1 Do Gq! x” — qo ps@ — Gos = 0, 
| Po (ai ar + $171 92! — Go Dsf @ — (Go Ps + UDs)% — HPs = 9. 
With these equations consider (2) multiplied by a, and (2), 
WX? + OU + qu = 0, 
Her+nr+q =0. 


From these four equations eliminate a’, a, 2, and we have 


R=! |lpoul | Po Ge do Ds % Pa | = 9. 
120921 ~1p1921— Ps GPs thu Ps HDs 
Yo N —Q W) 
0 do a = 


Jif’ An general, let 
S(&) S Pow” + pe + pyW™ ? + ov + Py att Pm =9, (1) 
p(x) = Qu” ate qe Se que * = ty == Qn-1 x an In aca 0, (2) 
in which m is greater than n. Multiply (2) by a"; then 
(2) becomes 
Date tae pe aes Cage a ee fie 
From (1) and (2,), } 


ym—I m2 : 
Po Dy am + po gun + eee +. Deeaga + Dm 
ta — a 
% er +. Goa + Th ok Vn—1 gam n+] gq,” n 


D a+ ie espe iets +... + Im 1 + D 
0 1 2 3 m 

— Fe See a En OP a ers Er 
GX FH Gx" 7 GX op el og ek? A ea ‘49,0 - 


wd =. a am—n—1 
Por” Th pw" 7 as gree QW Tin a Dat ‘ FP n4iv™ 2 ah mee FP 
3a i a ee el ee ee ee, Ge ym — mf 
Gor” qa" ae ae? igh Pe olen ah! —1 Un ais 


P mM 
118 THEORY OF DETERMINANTS. 


Clear these equations of fractions, and consider with them 
the following m— mn equations obtained from (2) by multiply- 
ing it in order by 1, 7, 27, «--a"-"—", 

Gan an Qu 4- Yo an act eet aE ae bees g gunn 1 mat 
GRR a8 q ‘he ce =" Png" Qos ye ee 


OMe SA Mis OES SPE =0. 


From these m equations the resultant is obtained by elimina- 
ting the m—1 successive powers of a regarded as separate 
variables. 


The Resultant in Terms of the Roots. 


94. Given 
¥ = Po ha “= Pr rae = as == Pn-1 & a OP — 0, (a) 
co) = ox” ae N ae 7 tae te Qn-1% “ a 0. (bd) 


If a;, a2, ...a,, are the roots of (a), and ~), Bs, ...8, are the 
roots of (0), we have, of course, 


ST = Po(& — a) (% — ay) +++ (@—a,), (a) 

b = do(@ — Bi) (@ — Be) ++ (@— Br). (01) 

Now, if in qa"+qe"'+---+q,12+¢, we substitute 

successively a), as, ...d,, — takes the m corresponding values, 

$(a,), P(ag)..-P(a,). With these m values as roots we can 

form an equation of the mth degree in ¢. This equation may 
be found as follows. Forming the resultant of 

Pye + p,0""! + ane Die Fn = 0), (1) 

Qo 2” zh Gite + Gos -- Qn-1% of Ome co) = es (2) 


by 92, we have 
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Ry =| Po fr Paces Pa Prt Pn+e2 SNe 
0 Po Py Sie Pal Pu Pn+1 
0 ) Po a Pr—2 Pn-1 Pn 
J % Ge°* In—-G 9 ) 
0 @ Ue iri &a—b O 
0) 0 Yo * 


c Yn—2 Gn-1 Gn—@ i a 


This is obviously an equation of the mth degree in ¢, whose 
roots are (a), d(a2), d(as), -*+ d(a,). The absolute term 7 
of this equation is the product of its m roots multiplied by a 
factor. 

But from the determinant #,, 


T= (—1)” po" $(a1) (as) ae (an). 


Again, since R, becomes identical with (—1)"R of 92, II., 
when we have made ¢ vanish, we see that 


R =a Po" $ (a1) (a2) rig (a,,) ° 
In just the same way we can show that 
T' = (—1)"qo" (Bi) f(B2) +++ F(Bn); 
and hence, after suitable interchanges of lines, 
R= (1) qi" $B) $B) (Bs) 


95. These forms of the resultant # may be obtained by 
symmetric functions, as follows: 


Sf (@) = DoX™ + Pye + Pa Ho + Pyar ® + Pn = 0, 
b(X) = Ge" Qa) + oe? + On ie +q, = 0. 


(2) 
2) 


Then aj, as, ---a, being the roots of (a), and f), By, ---B, 


the roots of (0), 
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S (@) = po (# — a) (a = ay) +++ (Om), 
b(%) = qo(% — Bi) (% — Bo) +> (@— B,,)- 


Now, if (@) and (0) have a common root, the product 


F (Bi) F (Be) + F(Bn) = P 


must vanish, since in that case some one of the factors vanishes. 
The same statement applies to the product 


(a1) P(a2) ++ b(n) =P 


But F (21) = Po (Bi — 91) (Bi — 22) +++ (Bi — On) » 
eee ee (P» Sess Gn) 5 


18) = ren ay) (B,. rat ay) pur (B.— An) } 


also ce) (a,) = = % (a, — B;) (a, — i Bae (a, << Bids 
ot ve me Soe te 


ee = % Oe Bi) (ano ay ) ie (a Om 2, )- 


P is accordingly made up of mn factors of the form f, — a,. 
We may therefore write 


ee = py" II (6, Ey a,), 


where 7 has all integral values from 1 to n, and s has all 
integral values from 1 tom. /P is moreover a symmetric func- 
tion of the roots of ¢(#) =0, and can therefore always be 
expressed as a rational integral function of the coefficients ; 
and since it vanishes when /(#)=0 and ¢(#%)=0 have a 
common root, and not otherwise, when P is expressed in terms 
of the coefficients, P is the resultant of (a) and (b). In the 


same way : 
P; — go” Il (a, fists B,) as (— 1 ve Qo” I (B,. = a,) : 


where s and 7 have the same values as before. Hence we may 
write the resultant 7 


R=(—1)™ qo" S(Br) f(B2) ++ (Bn) = Po" (a1) f (42) +++ (am), (A) 
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for both these expressions are rational integral functions of the 
coefficients of f(#) and #(#), which vanish when /(x)=0 
and $(#)=0 have a common root, and not otherwise, and 
which become identical when expressed in terms of the co- 
efficients. The value of & can accordingly be written 


+ A= py" qo” IL(B;—a,)- (B) 


Properties of the Resultant. 


96. I. By reference to the forms (A), we observe that the 
coefficients Pp), Pi-*'Pm Of equation (a) enter the resultant in 
the nth degree, and the coefficients q@, %:--q, of (0) enter the 
resultant in the mth degree; moreover, we readily see that 
(—1)”""qQo" Pp” is a term from the first form of the resultant, and 
po" 7x" is a term from the second form; hence, given two equa- 
tions of degree m and n respectively, the order of the resultant R 
in the coefficients is m+n; the coefficients of the first equation 
are found in R in the degree of the second, and the coefficients of 
the second equation enter R in the degree of the first. 

Il. If the roots of (a) and (0) are multiplied by k, & is 
- multiplied by &”". Since each of the mn binomial factors of 


+ R= py" II (B, — a,) 


is in this case multiplied by &, the truth of the statement is 
obvious. This result is frequently expressed by saying the 
weight of the resultant 1s mn.* 


Ill. Jf the roots of (a) and (6) are increased by h, the resul- 
tant of the transformed equations is the same as the resultant of 
the original equations. ‘This, too, is obvious, for none of the 
factors of R is changed when both roots are increased or — 
diminished by the same number. 


* By the weight of any term is meant the degree in all the quantities 
that enter it. The weight of abc? is 6. 
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IV. If the roots of (a) and (0) are changed into their recip- 
rocals, the resultant A, of the transformed equation is (—1)""R. 


Putting Tee (a) and (b) become respectively 
a 


FY) = Pf" + Pm say” + Pm oY”? + tpiytp=0, (a) 
p(y) = Yn ue + Qn-1 aie + Qn—2 7 i a + ny | Ol = Oo; (b;) 


Whence 
1 1 Or Oa | aay 1 ea RAG SS eye as) 
R,=60."9."T| = -— —) = a" 
I Un Pm (= =) (ay Gy +** Op, (B; Bo-++ Bn) 
But 
ree mM Om a | n , 
(Cie oye eS (8; Bo-++ Ba) = ( ) In 
Po % 


ia Tt, S= Hg" qo" (— 1) mnTy (8, se a) — (— 1B ha «4 : 


hence the resultant of the transformed equations is identical with 
the resultant of the original equations, or differs from it only in 
sign, according as mn is even or odd. 


97. Of all the methods of elimination given, the dialytic 
method is the most direct. Another advantage of this method 
is that if may obviously be employed to eliminate one of two 
unknowns from a pair of equations, as in the following example. 

Given : 

Por + pi v’y + proxy’ + psy’ = 0, 
He+t+noey +gy +q, =09. 


To eliminate #« we form the following equations : 


Pot + pe y + pox’ y? + pz xy? = 0 
De +pxey +pry'+py =, 
Got + Hey + (gy? + 3)2 =0, 
Ge + Heyt(gay + qs)x = 0), 


Gor + Qeyt gy’ +q= 0. 
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Whence | Pp Py poy” Psy? 0 = 0, 
0 Po Py pay” Ps” 
mM HY GY +4s 0 0 
0 Q HY Gy +4s 0 
Ceo 0 qo ny Gy” + 4 


an equation containing only y. 


98. The same method is also frequently applicable to the 
elimination of » — 1 unknowns from a set of n equations, so as 
to obtain a final equation with but one unknown. It will afford 
the student a good exercise to find from the three equations 


Mey + dxz+a, = 0, (1) 
YZ — de = 0, (2) 
ascy +ae¢ +a, =0, (3) 


a final equation in y, as follows: First, eliminate w from (1) and 
(3), and also from (1) and (2), obtaining two new equations 
in y and z From these equations eliminate z, and obtain 


CyY? + AgGhsy 0 AsOg” 
— (sy + Ag) AoC; Cs sy + (Aya? + 2a3;A 3g) Yt Ugde 0 
5 8 2 2 
0 = (AxY Mg) Antz — As gy" (A) + 209305) Y + A3Ag 


an equation in y of the seventh degree. = 


99. A further interesting application is found in the follow- 
ing examples, in which three variables are eliminated from as 
many equations. Given 


a + ay + w¥— 0, wy = Ay M9" = 6, 00? =a Cs 
Multiplying the first equation successively by 
Uy Nyy Wye, WU WoW, 


and substituting from the last three, we get 


AHH, -- Uy Xz =0, 
b + 22% + 2%, = 0, 
¢ + 4%, + ye, = 0, 


CH Uy + 52, W, + A,X, = 0. 
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Eliminating 2,22, 3, Los, — 


2 


Had we multiplied the first equation successively by 
1, XH, Hy, Woy 


we should find by eliminating %,%,:a%3, %, Xo. gy 


Orne 1st bakes 
Le et ay 
ee On 
1 ee eet ant) 


If the original equations are 
M%+%+%,=0, w=a, we? = b, 3° = Cy 


one form of the resultant is obtained by multiplying the first 
equation successively by 


Wy Voy Uy, Mg Wy”, — WY Mg’, §— ya", © ig My, My Wy" Wy, Wy Wey 
and substituting from the last three. Then by eliminating 


2 2 ny 2 2 2 
%y", Rg Hg yg, OE, Wy, Ry Diy, Ay ey ge Wy" Ug" Dag 


we find 

10: Of Ol 1 OF ee Ore 
i Pe Nt ry Hac FAN ie RA ON Wie 
Oe hls ad ly 80, LO ae oe 
O26 5) Oo) aay ee ee) 
Gi Ml ed eras BOL Peek) 
BU A) ee ae ets a 

Oh Oy hy een) 2, aL 

OF O25 9a ene ee ge. 

Ci Oy OoaUs  eOa no eae ont 


{ 
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100. For a final application of the dialytic method we select 
the following. 


Given Vateta + Vaetd,+o=09, 
to free the equation from radicals, we may proceed as follows. 
Put Vay e+ = 51, Vbye +b, = yp. 


_ Then we get at once 


nN+y +eo=9, (1) 
Yr — We — a, =0, (2) 
Yo’ — box rama? Dy ==) (3) 
From (1) and (3), 
I! 0 —h«x—b,|=0. 
Lyra 0 (4) 
0 1 Yt % 


Eliminating y, from (2) and (4), we have 


1 2q C—hx— 0, ) = 0, 
Oh wil 265 Co” — bo u — b, 
1 0O — UyX — Ay 0 

VO od 0 — Ag — Ay 


which is the equation sought. | 
In general, givén 


Driv fila) + po V A(@) + ps VA(@) +o + DV Fw) = RB, 
in which 7, 7%)-::7, are integers, and f,(@), fo(«)---f,(@) are. 
rational integral functions of 2, we may rationalize the expres- 


sion as follows. Put 


A(@y=m", — fo(@) = Hels 0+ FH) = nis 
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Then we have a system of n equations, from which, together 
with . 
Pit + Pos $+ + PrIn =f, 


we eliminate the » variables %, y2, ...Y,, and obtain a resulting 
equation in x without radicals. 


Discriminant of an Equation. 
101. I. Given 
S(@) = poe" + pe" + pe"? ++ +p, .0+p, =, (1) 
and the first derivatives of f(#), or 
J! (a) = npya” "+ (n— 1) pe"? + (n—2) par” +--+ p, 3. (2) 


Then the resultant A of f(«)=0 and j'(#)=0 is called the 
discriminant of f(*)=0, since, if # vanishes, f(#)=0 and 
J'(«)=0 have a common root, and hence f(x)=0 has equal 
roots. 

Forming the resultant of (1) and (2) by 92, we have 


Jie 


Po Pr Pe aia Pn—-2 Pu-i Pa ) 0 0 a aS, 
0 Po Pi a Pn-s Pnr—-2 Pet Pn 0 0 pe: 
0 0 ' Po “38.0, e © Dalg Dang \dpeae, noe 
Mpy (n—1) Pp, (M—2) Pores 2Pn-2  Pn—1 0 0. 


Ot) . 
0 NP (n—1) 9, roe PB ae 2D 3 Pr ~] W) 0 0 Sala 
0 0 Ny. = ><: 4 Dike OO Dis eas Paar 


ere eff eee 


in which the first (1 —1) rows are formed from the coefficients 
of (1), and the last n rows from the coefficients of (2). 

Now multiply the first row of # by n, and subtract it from 
the nth row; the nth row becomes 


0 I ge 8 ae 2 Do t's ae (n—2) pn» =, (n—1)p,-1 — 2p, 0 --- 0. 
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Hence £# is at once reducible to a determinant of order 2n—2 
multiplied by »); calling this determinant A, we have 


R == Dod. 
Now B=po"1f"(a) f(a) f"(as) ++ f'\(an)$ (94 or 95, A) 


ae I(®) gales Pt) 


2! 
Uv— As U— Ay oO 


and since /'(#) = 


F' (a) = po(a1 riz ay) (a, pS) 3) PT We cy) (ay — a, 
Ee) ee ey res “++ (ag — a,_1) (ag— a, 


eh aa te (BE) 
Jt hain Sy ee 1— 4) ae fae Sys (a, -1—Gn_2) (a,1— Q,) | 
he (a,,) == D5 (a,,—a1) (a,,—a2) cats (a, —On—2) (a,— re | 

If we multiply equations (#) together, we see that the second 
member of the result will contain the product of the squares of 
the differences of the roots a, a,, ...a, of (1). Employing the 
usual notation for this product, viz., ¢ (aj, a9, ag,+-+a,), we have 


2 
oO 


SF! (ax) F'(a2) 22° F1(on) = (1) 20 poy" Far, G25 ag, °** On) § 
*. A = (—1)2-) py”? F(a, Ap5 Agy *** Gy). 


II. The discriminant of an equation can also be obtained as 
follows : 


fl@)=0, (1) and f(a) = 0; (2) 


being simultaneous equations when A Vleet has equal roots, 
the equation 


y nf(a)— af'(x)=0 (3) 


is also consistent with (1) and (2). Now (3) is an equation 
of the (71 —1)th degree; and finding the resultant of (3) and 
S'(«)=0, which is also of the (n —1)th degree, we obtain the 
discriminant A as a determinant of order 2n—2. For an 
example, we shall find the discriminant of the cubic 


Pol?’ + PL? + poe +p; = 0. 


128 THEORY OF DETERMINANTS. 


We have to find the resultant A of the equations 


pie+2p,a +3 p= 0, 
Spa? +2pe-+ py = 0. 


A eh ye M2 a oy oe ek 

Dp, 2D, 30s ; 
3Pp 2p, po O 

OS Dau toy bs 


By the same process we find the discriminant of the biquad- 


pene P=pn%t+4p,a°+ 6p, +4p.ea+p,= 0* 
to be 

A= 1 Py SP). 8P3 Ds rah) ie AI 
ONS > Rata atu shoe iy yO 
0. OS Prk Spi Vos D5 
Pi 8p. BPs py Ugg ee 
OREN aye es ts hy/0 ene Ye Be) | 


SO De. OPe Ote 7): 


This is accordingly the same as J° —27.J*=0, where 
T= pops — 4 Pips + 3 po’, 
J = PoPopPs + 2 PiPoPs — PoPs — Pr Ps — Ps’ 


~ 102. We may show that J=0 is one of the necessary con- 
ditions when the biquadratic P= 0 of the preceding article has 
three equal roots. Since 


P=pyv* + 4p, 2° a 6p,7 +4p,%+p,= 0 (1) 


* In many processes it is found more convenient to write a given func- 
tion in the form of this equation, é.e., 


Pot” + npy e™-14 = (n—1) pa? 2+ = (n—1) (n—2) pg x8 + + 
Me oO. ; 


ai 3 ¥ (n a7 1) Pn—-2 ax? + NPn-1X + Pn; 
in which each term is multiplied by the corresponding coefficient in the 
expansion of (x+1)”". Any given polynomial can, of course, be at once 


reduced to this form, 
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has three equal roots, two of these will be roots of 


Pee +b pe + 3p.e+ ps = 0, (2) 
and one of them is a root of 
pot + 2p, a + ps = 0. (3) 
From (2) and (3) this root is also found in 
Pix + 2p.e + p; = 0. (4) 


Multiplying (3) by 2’, (4) by 2a, and adding, we obtain 
a (py X? + 2p, x + po) + 2u( pa + 2p, + ps) = 0. (5) 


Now adding p,a + 2p;x-+p, to the first member of (5), we 
have, since P= 0, 


Xe ( pyt?+ 2 pyet po) +2 a ( pw? +2 poew+ pz) + pea? + 2 pye+ py= 0. 


Hence, if (1) has three equal roots, 


Po® + 2p, 2+ p.= 0, “| Po Pr Po| = 9, 
Pie + 2 poe + ps = 0, Pi Po Ps 
pow +2p,0 + p= 0. Po D3 Da 

or Ea AN 


The other condition for three equal roots of (1) is accordingly 
pa, 


103. The resultant of a system of n homogeneous equations, 
one of which is of the second degree, and the remaining n —1 
are linear, may be obtained as follows. Given 


P= Py® + Dy + poe + 2Qaey+2q%%2+2qyz2=0, (1) | 
P=aQx+bhy+oqz2=0, | (2) 
Pyo= a4 + doy +62 = 0. (3) 
Differentiating (1) with respect to x, y, 2 in succession, and 
remembering Euler’s theorem on homogeneous functions, we. 
obtain 
P= AU PoC HYAUADAY (HU+DY + G2) 
+2(Q, e+ qoy + poz) = 0. (4) 
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Equations (2) and (8) and (4) are simultaneous homoge- 
neous equations; hence, by 77, (4) must be expressible linearly 
in terms of (2) and (3), and 


CF, +6,F5 = 0 (5) 


is an equation identical with (4). Equating the coefticients of 
(4) and (5), we have the following system of equations : 


Pot + Gy + 1% — 1.0, — G22 = 0, 
oX + Pry + Gz — 6,0, — Ob, = 0, (BE) 
Qk + Qoy + p22 —8,¢, — Oe, = 0. 


Now, taking equations (2) and (3) with equations (Z), we 
have a system of five homogeneous equations. Eliminating 
X,Y, 2 A, Oo, the resultant of (1), (2), (3) is 


== hy Ce Gi GH Oe |; 
Y Pi Ge 


= 

oO 

— 

eee 

— 

cS Py 
coos 5 


In general, let the system of equations be 
S(@) = PLP + Poe? + pyey’ + +++ +p, %," + 2 Gia a 
Hegel bon b 29 gy By By =U; 
Pi =%4% +04 +¢% +- es ==) } 
= iat se + 6y%,  foeee + cs = 0 | (a) 
Pi = a,- ths ie 1p rink 1%3+ - (ran aren ) | 


We have, as before, if fy,’ denote the differential coefficient 
wf f(x) with respect to ,, 


ty for, + Wo firy' + As xy! + ++ + On fo,’ = 2f(@) = 0. () 


Since (a) and (0) constitute a system of simultaneous 
homogeneous equations, (6) considered linear with respect to 


APPLICATIONS AND SPECIAL FORMS. 131 


the variables, must be expressible linearly in terms of the 
n—1 linear equations of (a). Hence (0) is identical with 


6, Pi + 6, P, + 63P; + ys + 6,4 7 U. (c) 
Equating the coefficients of (6) and (c), we obtain the n 


homogeneous equations 


— Pr®y + G1 ®o+ Jos +++ FOp—1 Vn= AO, + MDa + UgO3-+ ++ + An 1On-15 
Q1X + Po Lo nls +°* + Qon—1%n = 0,0, +0292 + Og93+ -+- + Oy 1 On-1; 
Gxt + cae ei + Osn—3's = cea a: C395 + +++ + Cyy oe : 


oe aes Asn—3l3-+ °° eee = 1,0,+ het O3-+ - ee oe 1° 


These equations, together with the n —1 linear equations of 
(a), form a system of 2n—1 equations between 2, %, --- &,, 
6,, 05, «++ 6,_,. Hence the resultant of the given system is 


bee is , Oy Ja °** Qn-1 G Mg ve? Ay_i}- 
OBI Pe On at * Poet by be vee 6,1 
Ys Pn Ps cep 3n- 3 Se cians OB 
Qn-1 Yon-1 Yan—3 °°? Pn I, l, oe le =] 
Cy Db, Cy bg hi 0 0 Se i) 
a) Dy Cy 228 C o) 0) ) 
Oy—1 By-1 Cu —1 “ae b;,. -] 0) Qo see 0 


Special Solutions of Simultaneous Quadratics. 


104. By the help of a special expedient we may often solve 
a pair of simultaneous quadratics much more rapidly and ele- 
gantly with determinants than by the ordinary methods. The 
following examples will serve to exemplify the method em- 
ployed, and are, moreover, such forms as occur frequently. 
A. Find » and y in | 
e+ hy — m 
age bs) mn, - (1) 
eyo 7 
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Let f be such a factor that 
| ly & + by = fm, F (2) 
yt + boy = fme 
From (2) 
Mm, 0, .| Gy, my, 
a Mz De ie aes é Gy Mg FD, 
Ee Sia. a wibes Bi ts ee 
Substituting in the second equation of (1) 
ar os Aas ae “ yan 
ie PoE Ie ct rage ig eae aaa, 
. tV/P+D? 
36. CS pepe hs ° Y= ee 2 ae 
EA Te De +/D?+D? 
B. Solve the equations 
ye + Oy = mary (1) 
Aye + boy = Movy } 


Divide these equations member by member; then, as before, 
put 


ae + by = fm, , (2) 
(ye + boy = fms 

ae ih by | ee My | 

SN eG aban 


From the first equation of (1) 


fa [a | mm, do | + Oy | ay mel] | ay 05 | 
cg m, | my, be |1 a, ms | 


hth be | are Peer ore 


= a erg sopra 
| ay mol? ity 05a 


A shorter solution is obtained by dividing each equation of 


(1) by ay, and solving for “ and |. 
a 


U] 
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C. Solve the equations 


Ge +hy =m (1) 
Ay 0? + boy? = Me ; : 


Write these equations 


Me +hay =m, 
Aget- e+ boys Y= Mz 


(2) 


My, b, Cy My, 
. Mg boy Qyov Mo a, oO 
BELO hee ae a A= : eee 
+ a Age Doy 
We have 
tA —m by =— Mh, 
MA,t+ Ay = AM, 
Cy DO, & = ay bo ¥ eel A. 


Hence 
A —m ob, mab, = 0. 


My Us A — 01, Mo 
(yb, —y, bd, A 


From which 
A — =a Va? by Mo + DY Cys Mo == m? Co bo. 


Again, 
ae + by =m, 
Ayb,% — A, boy =— A. 
My Db, 4 Oy My 
eee A a,b, ; ae Gob, —A Pigs Cy b, | 
Se ee ’ Y= ; Ae! 
A, ane (4 AyD, —A, dy 
D. Solve the equations 
e+ by =m 1 
ea : (1) 


These equations we write 


e+ by = mM, ! (2) 


(dy + Coy) @ + Boy = Mz 
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Dag MEA et Gd ee ee 
, Avante ons A M+ Coy Dg 
As before, 


(A + m1 C,)Y¥ — A, Me+ Md, = 0, 
—b,Coy + 4,b, — db,—A=—0. 
Whence 
A+ M,C, — My. — A, Me | ey 
— Di Co A by — dob, —A 


a quadratic from which A is found. 


tm bel Lay me | 


Fr oe a a a ee 
A A+ M,¢, 


Example B above can also be solved by the method of this 
example. 


E. Solve the equations 


ax’ + bey + cy? =d ) . (1) 
ex + fry + gy =h J 


Equations (1) may be written 


e+ 2aey thy? =m 
+ 20, Y + OY ae (2) 


a + 2a,ey + boy? = mo 


by easy reductions. We introduce the factor 2 for convenience 
in calculation. A solution analogous to D could be given. 
Whatever the coefficient of xy, it can, of course, be at once 
reduced to the form 2a,. We write equations (2) 


e(e~tany+y(qe+thy) =m : 
@ (@ + yy) + Y (oe + doy) = my ; (3) 
Then 
Mm @e+b y 
My Age + boy 


Sameer Emtec err Ae 


A 


U+AY mM 
C+ AY Me 
A ; p] 


SE — 
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where 
A=/e@+aQqy Qe+by'. 
VE AY Aet boy 
We have 
[A + la,me|]xa+]|d,m.|y = 0, 
[m,—m,]x +[]a,m.|—A]y = 0. 
Whence 
|A+ la,my| POuimiata a= 0s 
| Ms — My, la,m.|—A | 


Solving this quadratic, 


A =+-V [aq mel?-+ | by my1 (mM — me). 


b, 
Now ay rm hase Ly ae 
A+ | a, mz | 


Substitute this value of a in the first of equations (2), and 
we have 
| 1g bg|? 4? is 2 a, | mM, be 1 7? 


ee ee ee 
(A + | ame! )? A + | a, my | eae . 


a pure quadratic, from which the value of y can be found 
at once. 


105. To the solutions of the last article we add the follow- 
ing, in which one equation is a quadratic and the other is a 
cubic. 

Find the values of a and y in 


(1). 


w— ayy? Me 


wa toyty Mm | 
e+y =a 
From the first of equations (1) 


AAR RAE C 9 (2) 


a(a—y)+y-y = Am, 
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»| ™ Y x L+Y M, 
Ms Y L—Y Ms 
tine Ghee ast 
A A U—Yy Y! 
We have 
vA —r(mM,— Me) y = O I. (3) 
Ax (M4 — My) + [A —A(m + m,) ]|y = O 


W hence 
A —A(m—mMm,) |= 0. 


A(M,— Me) A—A (i+ M2) 


From this equation 


A = 


Now, since Aa ae, 


we have to find the value of A in order to complete the 
solution. 
From equations (2), and the second of equations (1), 


(4) 


From equations (4), and the first of equations (2), we get 


hie 


V4(3m, me — mz") ’ 


and hence 


(1m + Mm.) +V10M,mM.— 8m2— 3 m2 


a 
N Vv $(38 mM? — mz") 


« may be found from the second of equations (1), or from 
the first of equations (3). 
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Solution of the Cubic. 
106. The general cubic equation ) 
Po® + pe? + pow + ps = 0 | (1) 
is always reducible to the form 
a+ qa+tq,=0. (2) 


We are therefore only concerned with the solution of (2). 
The determinant equation 


S=Ste Vay G5. =0 
UG) eas 
ete ah tie 
is identical with 
oe —3d,d,e% + a,? +a? = 0. (3) 


We have 
A=|%@+4,+4% G A); 
C+a+d, CT 
C+ A, +, A, & 


hence #+a,+ a. is a factor of A. 

Again, let a be one of the imaginary cube roots of unity ; 
then the other is a*. Substitute a,a, d,0? for a, and a, re- 
spectively in A, obtaining 


Neale da” dja? | =v —3a,0,0°r + afa°+afe° =A, 
Gan. i ye ; 


Qa Aa? x | 
since a®?=a®=1. Whence 


A=|a+taa+a,a” ada Gal: 

ut 2 1 2 9 
e+daat+do 2 dha 
-+d,a+dya* Gea” 2 
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and hence A is divisible by w+a,a+a,a*. . By substituting 
dja” and d a for a and a, respectively in A, we obtain a 
determinant A’, which is shown equal to A in the same way 
as before. 

Hence a,a°+a,a+2 is also a factor of A. 

Accordingly, 


A=k(e+a,+ dy) (t+ Gat dya7) (@+ aa +a,a), (4) 


where & is a numerical factor. Comparing the term 2 of A 
with the term 2 in the second member of (4), we see that k= 1. 


"a — 8a, dyau+ a)? + ay? = (@ + a, + Ae) (@ + dha + aya") 
(@ + a,a°+ doa). (5) 


From (5) we have at once eat 


2=—A—&, %—da—ao’, —a,a°—aa. 
Now applying this result to the solution of (2), we put 


‘=—3ad, Gd=arp+a,’; 
whence 


3 i 2 
qo Ve+2 nee age a 
aad £ ae ae NE tT toe 


Hence, finally, the roots of (2) are 


3 a ee 8 ew 
Yo [ast Qe | VE \ Qe , 
a Se Nt a7 tN) TNG tor 
3 | 2 fu a a fig eas Paarusken* Vio +248 ee oy [it 4 a toe 
1 97 es al 2 ; 


APPLICATIONS AND SPECIAL FORMS. 139 


Symmetrical Determinants. 


107. When we regard the square of elements that make 
up a determinant, it is natural to inquire what special proper- 
ties, if any, the determinant possesses when we suppose the 
elements not all independent; in other words, what special 
forms arise when we suppose certain relationships to exist 
between the elements, and what are their most important prop- 
erties. Among the special forms very frequently met with, 
especially in Geometry, are the Symmetrical determinants. The 
symmetry here referred to is first, symmetry with respect to 
the diagonals, and second, symmetry with respect to the inter- 
section of the diagonals, i.e., the centre of the square. ‘Two 
elements, so situated that the row and column numbers of the 
one are the column and row numbers of the other, are called 
conjugate elements. Evidently the line joining two conjugate 
elements d,, and a,, is bisected at right angles by the principal 
diagonal. If in a determinant a,,=a,,, then the determinant 
is axisymmetric, or simply symmetrical. The definition of a 
symmetrical determinant is extended so as to mean symmetry 
with respect to the secondary diagonal also, so that a deter- 
minant is symmetrical if for each element there is an equal 
element so situated with respect to its equal that the line 
joining the two is bisected at right angles by one of the diago- 
nals. The following are symmetrical determinants : 


G0, 8e~ Ay}, Gy, Ang Ghg Ay, Of LO Ge are 


b, by Cy dy Myo Ug Ay og Oy Uy Cy 
ty %Cy° Cy dy lag Oh Oy tha ig Og ois 
Te Gs, tld, (is. Usy— lag - Gi 4° Ag Ag Ay) 


108. We have already had a number of problems which 
gave rise to symmetrical determinants. The student may refer 
to the last determinant in example IV., 84, to the first deter- 
‘minant of 84, VII., to the form of the resultant obtained by 
Bezout’s method of elimination, 93, (I.), and to the value of 
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J, 102, for illustrations of how symmetrical determinants 
occur in practice. Again, we have 


9 
ly, og Qigg |° = 


9 2 2 
Ay + Ay + O43 Ayo + Ay9A a9 Ay30log Alyy gy + Ay 939 + Ay 393 | , 
9 2 
Cay + Aygo + Ay3Q13 Ag,” + Ogg? + Ags (ba1 Clg + Uggla + Mog Clas 
2 
gj Ay + Ageyo + Ag30 13 Ag, Ma, + Ago oq + AggQog gy” + Ags” + Ogg” 


which is obviously symmetrical. It is easy to show that the 
square of any determinant is a symmetrical determinant. Let 


| 4,1? = | Din! : 
then we have to show that b,, = b,,. 


Dy. = O11 + (b,9 Ugo ie 33 aie ie ae Cin Uens 
by = Wy) a1 = A.9 Cys + Ag tt,3 a 5 a Qen Orn 3 


whence the proposition. An obvious corollary is that any even 
power of a determinant is a symmetrical determinant. 


109. It is evident that conjugate lines (a row and a column 
having the same number) in a symmetrical determinant are 
composed of the same elements in the same order. Consider 
now two minors M and M, of any determinant such that the 
rows and columns erased to obtain M are the columns and 
rows erased to obtain M@. Then 


M — yg Ory, Cy; ae aie it and M, == Cor Cag 
Cog Chon Ag; mehe ng ng 
hy Cig 


Now, if the determinant is symmetrical, so that a,, = 4,,, 
we have M= M,, and, in particular, A,,= A,,; or, in @ sym- 
metrical determinant, conjugate minors are equal. From this it 
follows at once that the reciprocal determinant is symmetrical. 
Further, it is evident that minors whose diagonal lies in the 
principal diagonal of a symmetrical determinant (coaxial minors) 
are themselves symmetrical. | 
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110. We may show that the product of a symmetric deter- 
minant by the square of any determinant is a symmetric determi- 
nant, as follows: 

Let | a@,,| be a symmetrical determinant, and put 


| Cy | x | a4, = | Cinls and | Cy | x |ay,,1? — | b,,,| _ 
Then 
Dix — O41 Cx = aye Crp — 053 Cig + Ea = Ain Cun (1) 


In (1) substitute the values of ¢,, G2, +++ C,, and we have 


Dag = (Cy Oy HF Mg yg + Aygayg + +s + yy, Ayn) Oi 
(Chay 04,1 $F Ang yy Ang Oy FF +** tt Con Opn) Oy2 
— 
Se (Oy 10x = OnoAp2 =e Ong ns a0 nee + Onn Sin) Sins 


= (yA + My, Oi + Ag G33 + + + Ay ain) Oy 
H+ (yy a4) + Aen O42 + Ayo Gig  +2* $F Aye Ain) Oxy 
HB (yyy HO, 4 52 + Agndig boo + Ann Gin) Cine 


Since a, = @,;, this sum becomes 
Oya Cy A Oye Cia ott A Gan Cin = Ops 


Whence | 0,,| is symmetrical. 
From this and 108 we see that any power of a symmetrical 
determinant is a symmetrical determinant. 


111. Cauchy’s theorem for the expansion of a determinant, 
example III., 63, assumes a somewhat different form when 
the determinant is symmetrical. Thus, instead of 


! 
A = dyA — Sdn M,Ay, 
we have, when A is symmetrical, 
ete ' 2 
= Aq A'— Baio Ay — 2 Zain Ayo Any 


in which, as before, ¢ has all integral values from 1 to n, and 
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for ik we write the different combinations of the numbers 
1, 2, --- n, taken two at a time. 
For example, 


a h g|=abe —af* — bg — ch? + 2 foh. 

i Dota 

Ge IGE 

Oa b cl=@f?+0'9 +h? —2abfg —2acfh — 2 begh 
a 0h g| = (af+bg—ch)*?—4abfg. 

Sak at ag 

og f 0 


112. Consider the determinant 


b 
I 
2 
ee 
se 
Q 
& 


and suppose that 


+O, +64 +0,+6 = 0) +0.+6.4+de+ es = 4 +6,+¢3;+d3+ es 
= d,+d_+ds3+dyt+ey = Fe, +es+e,+e; = 0. 


Then, first, A=0O; since, if we add the elements of the 
other rows to the corresponding elements of the first row, the 


elements of this row all vanish; and, secondly, we can show 


that all the first minors of A are equal. 


B=—|b, 4 dq & |, and C,=—-|\aq gq dq el. 
Co Cs ds es b, Cy dy. es 
dg da hy Ve, d, ds Gy. & 
€2 €3 C4, Os Gj C3 & es 


The first, third, and fourth columns of B, are identical with 


the second, third, and fourth rows of C,. By hypothesis. the 


SE 
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elements of the first row of C, are respectively —c,, —c3, —ds, 
—é€,; whence 
Coit PCr Cas Gye, ens oe ba 
by & Od, € 


as was to be shown. 

In general, if in a symmetrical determinant the sum of the 
elements in each row is zero, the determinant vanishes, and all 
the first minors are equal. 


Let 
A | Oy ider=s" be With Oe, 
and Oy + Ay + Ag + +++ 4, = 0. 
That A vanishes is obvious. Again, 
Aw =| dy Cie ane Og 4 Ch, p41 <5 A re lg a 


Clo) Coo ee errs Choy, bop 22° by, 


eee eee eee eee eee eee eee eee 


Oger -Ay9g. *** “Opeyze, Gite  Gergixy -*” Got 
Cy Cio pale a oat Gi, " Wings ss din 


Gist Giptg °°* Ginre-1 Appi, Wsierr *°* Ain 


Gn] Ono see Ane 1 Ont Untkd eee Gan 


To the ith row of Ay add the remaining rows; the ith row 


becomes 
— Opp — Ogg: *6* = Aggy — Oe: Cone *°* Hoge 


Then to the kth column of Ag add the remaining columns ; 
the Ath column becomes ; 


—Ayqg —Ag *** —A-10 G0 —A+10 °** —Ano- 


Now, making the ith row the first row, and the Ath column 
the first column, we have 


( “ Lh Co Coy Cog 88 Agy-1 Con41 65+ oy | leeks 
(0 yy Qype ee Ogg Cy 41 i de Ps 
O19 Gin Oj jer ets Ogpetpen (Opeing °° Oe, 
Ois19 Gan Aare °° Gintna Girteya °°° Gitin 


An Unt Ono v8 Oy nytt pine Grn 
which proves the theorem. 


113. If « be subtracted from each element of the principal 
diagonal of a symmetrical determinant, we have a function of 
« which, equated to zero, gives an important equation. The 
roots of this equation are all real, which may be proved as 
follows. We have 


S(#) —— Cy — WwW Clye Cys, ece Ain = 0. 
Cy) Ayo = by 0 boe eee Clon 
Choy go Ane — WU eee Os, (1 ) 
nt Cn Ung 28* Ayn — © | Ans = Agy 

Then 

iA —2) = (ly) —- L Cy C13 ose Cy, 

Cy, Ag + @ Cos it Gon 
C31 Clg Coe + Oy aie i Cbs, (2) 


ny ye Ans oe" Onn ir © | ys = Asp 
Multiplying (1) and (2), 
S(@) F(—2) 


a Pa er Pw Pig ae Uae = 0, 
9 
Pp 21 P 29 — P28 ay, Peon 
Y ry » 
Pi Ps P33 Psn (3) 
= , r ae a 
Pri Pre Pas 9 Din | Pre = Per 
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where Pix = Uy Ua =f Cig Ug S ete ois Cin Viens 
Expanding the determinant of (3) by 63, I., 
| Prn| —# 3D, 1+ 22D, .— 2D 3+ maps > (—a")" = 0. (4) 


Now. D,3, D,-2; Dns, ***, being coaxial minors of | p,,[, 
are all sums of squares of minors of |q,,|; for consider one 
of these minors 

TT 2 = Pir Pry es Pr 
Poe Pog *°° Por 


Pry Prg r12).@ Pry Pua — Peg: 


D,,-2. may be obtained by squaring the array 


ry ar) Chg he ‘aed py 
Coy Age gs ee Con 
Oy Ch,.9 Cl.8 baa! Dying 


in which there are n columns and n—2 rows. By 58, Ist, 
D,,. must be the sum of products of pairs of determinants 
which in this case are equal; hence D,_, is the sum of squares 
of minors of |a,,| of order n—2. Hence 3D,_,, SD,_», 
3D,-35 ++, are all positive. The signs of the terms of (4) are 
therefore alternately positive and negative, and, by Descartes’ 
Rule of Signs (4), can have no negative roots. Accordingly, 
f(w)=0, or (1), cannot have a root of the form aV—1, for 
then 2 would be negative, which we have shown is impossible. 
Nor can (4) have a root of the form B+aV—1; for if we 
write a,—B=@'y, Gy—B=4'y, etc., the proof just given 
is applicable. 

The student will find it interesting to apply the preceding 
proof to the particular case where f(«) is of the third degree, 


ee S(@) =| ay — & | ye Cie ae 


Chie Cog -F % Coy, 
Chis Cys sg $B \ Onsg = Age 


ie) 


a8 
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actually multiplying f(«) by f(—2), and expanding the result 
to obtain the equation in 2’, whose terms are alternately posi- 


tive and negative. 


114. Symmetrical determinants of the form 


GOs Gy POEs (ep |, ADL) 4 Gael "Oe Oy sean 
He (ly Do C2 dy, Oly Cy (ls “5 Uy 
9 So % b Cs Og A, WN Ons) 
hs 97 fo 1 % dz Cy a iets 
ly fs Gr fe 


Ay -1 Ay Unt see Aono 


== Pp (ay Ag+ Con—2) 5 


are called orthosymmetric or persymmetric. That is to say, 
when each line perpendicular to either of the diagonals has all 
its elements alike, the determinant is persymmetric. Such a 
determinant can contain at most 2n—1 distinct elements. 
Examples of the occurrence of orthosymmetric determinants 
in practice are found in 84, VII. 


115. The most important property of orthosymmetric deter- 
minants is that the determinant remains unchanged when the 
first terms of the successive orders of differences of its 2n—1 
elements are substituted for the elements themselves. Consider 
the following series of numbers, and form the Ist, 2d, 3d, 
--» (2n —1)th orders of differences by subtracting a@,_, from a, 
throughout. Then adopting the usual notation, we have 
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We now show that 


A — ay Cy Oe As Cait 2 C0 A | = ay A, Ao A; 


ot ley 
Oi ae Gey Ag  >** Ci, Ape ee Tne Nee 
Gy Gg Gg Ms *9* Anu A Oe fA, A an 
On-1 Un Un41 An42 °°* Con—2 A,-1 An Anas Anse “tly Asn_2 


If in A the (n—1)th, (n—2)th, --- column be subtracted 
from the nth, (n—1)th, (n—2)th, --- column respectively, 
we get ; 

A =| % A, An Arp 8 Dn peg 
Cy An Ay Ay se Ayaa 
Ay Ay Ay An He Aye 


On —1 7a ee Ain, Anti oe A, 2n—3 
Repeating the operation successively, we obtain 


[pam Ay A, Ay As ea Apes 
Cy Ay Ay Ag oes ad 
Gy Ay Ag Ago 2 Ayr9 


Oat Sint Binet Agua 23? Dacre 
Operating in a similar manner upon the rows, we get 


A=| A A, A» A; et Ned ’ 
B® A, A, - Ay + A, 


A, As A, A i) a 
An-1 a, eet Ans ed Ao, —2 


as. was to be shown. 


Thus 
oe 8. eG eta ee ee 
Sls 26 --.48 re een! FO 8 
15 26 48 68 | D2 ee 
26 43 68 108 | 2 0-0-6 


o\ 
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for we have 


ov 


ys a eee 
Similarly, 
7 0 fateh eater = fe 8 ee 
0 —-4 —5 —3 —7 3 0 0 
—4 -—5 -—3 2 3 0) 0 2) 
—5 -—3 2 10 0 Op) ae 
The student may show that 
deed pk ar ft ea ee BI 
7 a ee 3 (amas bales erat 1 
Ee ie) © ia | Reis Mr 
4 de 197 80 Ont a2 30 ep 
Jey sesin eG aw) 1 8 20: 644226" 
Ae 9 hb) 820 Bu BTS 64, 2a 
9 16, 25 256 27 64 125 216 
16. 25 36 49 64 125 216 343 


Besides exhibiting obvious simplifications, these examples 
show that when the elements of a persymmetric determinant 
of the nth degree form an arithmetical progression of order 
m* <n—1, the determinant vanishes ; and if the order of the 
progression is 1 —1, the determinant reduces to an nth power. 


* The series of numbers 
LS 2y) Gt Ione 


form an arithmetical progression of the third order, because the terms of 
the third order of differences are alike. 
Thus 
1 8 27 64 125 216 
q 10 Bleu. Oy 
12 18 24 30 
ae 6. 
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116. The conditions of the last statement will always be 
fulfilled if a, is a rational integral function of k of the mth 
degree, whose highest term has the coefficient 1. For then, 
according to the well-known theorem, a, a, Qo, ++ form an 
arithmetical series of the mth order, of which the mth dif- 
ferences will be m!. If, then, m—=n—1, all the elements of 
the secondary diagonal will be (n—1)!, and all the elements 
below it will be zeros. Whence the determinant equals 


Gat) rca RU 8a 


If m<n—1, the determinant of course vanishes. In either 
ease, instead of a, a), dy, «++, we may write 


Gin Nisiy Mizar °° 


If, for example, p is any given number, and 


aa (PTO TM) aie teee) Cp tele ml) 8 (pe ed) 


Mm m ! 


ptm ptm+1 p+2m 
m ( m 1 nity m 


ptm+l pem+ 2 
m m 


p+ 2m p+2m+1\_ pt3m 
Mm mM mM 


=(-1 yz m+) = (—1) (nlp. 
117. Consider the determinant 
A = hk: kr ko? eee ker” —] 5 


WN Dr a ee 
BO EST sad, err! 


ky" ker” keytt poe hey?" =2 


¥ ~ 
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whose elements are in geometrical progression. ‘That A must 
vanish is obvious at sight; for dividing any column except the 
first by the ratio 7, A-is seen to contain identical columns. 
Hence if the elements of a persymmetric determinant form a 
geometrical progression, the determinant vanishes. 


118. To the results of the last article we add the following. 
Suppose in 


A= | Vg oA Oi lg, Oe set acs 
Cy (ys Cs cee Ay, 
Ini Ay Un+1 iain Aon 2 


each element divides every other element whose subscript is 
higher than its own, 7.¢., in general, 


Ct, = by 0, be oo, b 


r? 


Then 
A bo by by by b, by by by bs bs 
bob, by, b: by, bob; by by O26; 54 
Dy bb» ae a by by ba bg by pie b,b. 


Ret lie bass eek ye Bebe. Ste a ae a ee 


by by by eed Daas . 
bo by i. Oa-1 Oh, 
Do b cae b,, Brit 


bo b, see: Don 


Now it is obvious that 0) is a factor of the first row of A, 
by b, is a factor of the second row, bp 0, Ps is a factor of the 
third row, and so on. Hence 


ee Tl op- 1 0, 06,6, by by bs ae Oy bg s+ Oya 
i=0 4 Ds bo b, bo bs b, eee by bs mes b. 
1 


b, bs by au b; oes bs bs Ee. Dasa 


1 b,, b, On 43 b on Oi+2 ated b, re Sat 96 Dona 
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Skew Determinants, and Skew Symmetrical 
Determinants. 


119. We have heretofore shown (108) that the square of 
any determinant is a symmetrical determinant. If we now 
write the determinant of even order 


Rarity Lee yee OO ae 
| ds Oy GC, ds —b, dy —dy by 
Qa Ug, Cy hs —b, ds; —d, Cy 
Gy 0, -C, ~ a, | —b, a —ad 


we get, by multiplying these factors together, 


A? = 
0 — (ab) — (eda) — (dbs) — (eg) — (aby) — (C44) |. 
(ayby) + (ide) 0 — (yD3) — (Cos) — (Gods) — (Coda) 
(ayb3) + (ds) (dgb3) + (Coeds) 0 — (3b,) — (C34) 
(a4) + (6:4) (Gaby) + (Cody) (b4) + (C9014) 0 


In this determinant each element is equal to its conjugate 
with opposite sign, and the elements of the principal diagonal 
are zeros. Such determinants are called skew symmetrical. 
In other words, if in a determinant we have a,=—a, and 
G,=0, the determinant is skew symmetrical. If a, is not 
zero, we have a skew determinant. It may be shown that the 
square of any determinant of even order can be expressed as 
a skew symmetrical determinant. Thus, since 


A=|GQ, de hg Ay cee Ayn--3 Ayn—2 Cyn 1 Ayn 
Mo, Ugg pg Cog see Aon—g Aon—2 Won —1 on 


An—-11 An—12 An-1g Un-14 °° = An~in—-3 An-1n-2 An-1n-1 An—i1n 
Ant (ng Ang Ana a Oyn—3 Onn-2 Ann-1 Ann 


~\ 
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= |Ay2 =O) Oy oye Fs Oye Oe Oa 
C9 —Qq, Gp —Agg *2* Onyng —CUon—g on —Ogn-1 


eee eee ese eee eee eee eee oce eee 


An-19 —An-11 An—14 — U_ig*** An-1n—2 —An-1n—3 Un-1n —An-1n-1 


Ane — Ay Ans m= Ung 98g 9 — Ann-3 Onn —Onn-1 


we have, after multiplying these determinants together, 


A? = 0 My» My, oa6 My py e 
Wn 0 Wah = m8, 
Ms, Ms O aed dls 


. Pies 


Mo Wing 7Wnge mens 0 |my,=— My 
For 


Mix, = Ai Ug — Aiea 1 Aig Ups — Aig Aig + + + Cina Gin — Vin Uin-1) 
and hence M,= 0, -and %,=—-™M,. 


120. The consideration of skew determinants reduces to 
that of skew symmetrical determinants, as we shall now show. 


I. By 47, 


AM: [ay yg ++ Aha | 


| 
Qo, sn °° oy 


| 


yy 19 ra: Cnn | biz, — Cy; 
* Ay” a 3C, Ajo» at (ae Ao ole cekuets > Ore Ay “1 CG 


Now, since a), = — @,;, the determinants A), A)”~P, Ap”, 
---, are all skew symmetrical, and A“ is expressed in terms 
of skew symmetrical determinants. 

IT... If, further, a, in A .is equal to 2, we have 


AM pars Ay™ sl SSApe 1 esky “6 fee ou at as a”, 


It will soon be shown that a skew symmetrical determinant 
of odd order vanishes. Accordingly, the terms of this expan- 
sion in which the degree of A, is odd will vanish. Thus 
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e« —a —b —c|=|0 —a —b —e 
a «# —d —e a OO —-—d —e 
bod uv —f Dw rd. ee 
eb Nagtiy < Aarme Gn "Xe ait 0 


0.—d —e 


+a +|0 —b —c|+'0 —a —e|+/0 —a —bd 
d 0 —f b 0 —f a QO —e a 0) == 
era 2d see () 6 ee — ih) Od) 

+o a aus 0 ak Od tei) 24-10 bit Pal 
fee Se cet d 0 oO oot ae Sh 7 


+2[0+0+0] + 2% 
=e +t(fP+e+?4+C4++a’) xv + (af—be+e)?’. 
The student may show that 


Res | kt bo ec ad |=(?+V4+P+4+d)’. 


—b Gimeaeee 
a, ad GG == 
=O oo a 


Writing another skew determinant A,, whose elements are 
e, f, gs h, in the same form as A just written, we see that 
A=(P+f?+y+h’)?. If we multiply A and A, together 
by rows, we get another skew determinant A,, of ‘the same 
form as A and A,; the value of A, may accordingly be written 

(m? + n? + 0? +p)’, 
~ where , 
m=ae+tbft+eq+dh, 0=—ag+bh+ce—df, 
n=—af+be—ch+dg, p=—-ah—bg+ef+de. 


We have then 
AA, = (a? + ++ a)? (e+ f+ P+ he)? = (m2 + 224 0° +p), 
or (WEP HECHE) (CHP +P) = (mn? +n? 40° 47%), 


which is Euler’s theorem. 
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121. Returning now to the consideration of skew symmet- 
rical determinants, let us take the two minors M and JM, of 
109, and making a,=—4,;, 4,=0, the determinant itself is 
skew symmetrical; 1 becomes M', and M, becomes M,'. 
Now since every element of M' equals each element of ,! 
with contrary sign, or since 


M'=)|a, a, , «|, and M/= ieee rats : 
Ge, en Up | agli: Ong 
2 | —a a 


M'=(—-1)"M, 


where m, as before, is the order of the minors, 7.e., the con- 
jugate minors of a skew symmetrical determinant are equal if | 
m is even ; but if m is odd, the conjugate minors are equal, with 
contrary signs. 

In particular, if n is odd, A, = A,,. 


But if 2 is even, A,= —A,,;. 


122. If the skew symmetrical determinant 


A=| O Qho yg 
—(Cy5 0 Cos 
zs —Ag 0 


is multiplied by (—1)?, we obtain 


—A=|0 —G. —d |. 
(hyo 0 — Mg, 
G3 ag 0 


But since the rows of A are the columns of —A, 
A=—A, or A=0. 


It is obvious that, in general, the effect of multiplying a 
skew symmetrical determinant A of order n by (—1)” is to 
change the rows into columns. Hence, when n is odd, 


A=—A. 
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Therefore a skew symmetrical determinant of odd order 
vanishes. In askew symmetrical determinant .A,; is, of course, 
skew symmetrical ; hence 


123. From 121, where x is odd, the reciprocal determinant 
is symmetrical; and, if n is even, the reciprocal determinant is 
skew symmetrical. 


124. I. Consider the following determinant 


A=/|0 —@,. —G@, —Qy |, 
9 0 — Ag, — Ang 
Cys Ang” 0 — Ass 
yg ng C34 0 


-A,=| 0 Ajs A, Ay}. 
| — Aj, 0) Ay. Ay, 
| — Aj — Ag, 0 Absg 
| -A, —Ay Ay 0 
Now, by 61, 
0 Ae = A 2 0 — Ags ° 
—-A, 0 og OO 
A? 
vu Ag. = Oy Ay OT. A= oe ’ 


and hence A is a perfect square. 


II. We shall now show that, in general, a skew symmetrical 
determinant of even order is a perfect square. 


Let 
A= OL ig 2 On “Ging. ==> Cyan Sion 
Ao} 0 -** Aon (9 n41 eee Og on 1 Co on 
Ani An 2 vee OQ) Un n-+-1 soe Oy on—1 An on 
On+1 1 On41 Oe An+1 n 0 oon On+1 In—1 On41 Qn 
Qon—11 Gon-12 °** Agn—1n Cen-1 sal Ne 0 Gon—1 an 


Con 1 Agng *** Gonn Con n+1 *** Con on-1 0 | Vix = — Ay, 
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Then, as above, 


Aa Aa 2n Ange (a) 


Das, 1 Qa, on 


= Ada, 


Now since A is skew symmetrical, and » is even, 


Day al Ragin =e 0 } and Day, a po Davai 


° 3 at 4 , aa 9 
“A a2n) A: Aan, A2n2Qn ? or A= —————- (0) 


Aan, BInIn 

Therefore A is a perfect square if Ag), dono, 1S a perfect 
square. In other words, a skew symmetrical determinant of 
order 27 is a perfect square if one of the next lower even order is. 
But it is obvious that a skew symmetrical determinant of the 
second order is a perfect square, and we have shown above 
in I. that one of the fourth order is a perfect square; hence, 
by what we have just proved, a skew symmetrical determinant 
of the sixth order is a perfect square, and so on. Hence the 
theorem is true universally. 

For a simple illustration, let us apply (4) to the following 
determinant : 


A=/|0 —a ~-y -—z|=/|—a -y —z? 
ve QO -t —uUu 0 —-t —wU 
Ret 0 <—v} | t 0 —-v h 
ee): v 0 = (va — wy + tay. 
x | et 
sees 


As another application, we establish the following relation : 


9 (dyg— ds)” (dy — 4)? (gz — A)? (do — My) (A, — Ay)” (@g— 4g)? 
= [ (dy—dg)* (G4 —A4)?+ (d3—4)' (g— tg)? + (4, — ty)? (4g — 4)" ]?. 


The first expression equals (see example 7, page 37) 


ay. a? a 1)x|]1 —8a, 8a? —a,? 
Paty Peers Pons Ba 1 -=30,993d, =a) 
oie nn eee 1 —8a, 3a —a;’ 
OP ayaa ed Li 8 a, 8a?" ag 
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= 0 (@y— ay)? (a,—a3)? (a, — Uy)? 
(a, — a)* 0 (dg—3)° (da — M4)” 
(ag — a)? (dg — ay)? 0 (as — My)° 
(@,—))> (—Gy)® (A4— G3)? 0 
=|(a,— a2)? (a,—ad3)? (a ae (ty)°|? + (a — A3)° 
) (d@y— 3)? (dz — a4)” 
(G3 — y)° 0 (a3 — a4)* 


= [ (de—dg)® (4 — M4)? + (3— Ay)? (g— Ay)? + (Gy — Mz)” (lg — Oy)” ]’, 
as was to be shown. 


125. The following proof of the preceding theorem has some 
advantages over the one just given. Let A be a skew symmet- 
rical determinant of even order. Then Ag,, vanishes. Let 
Bz, be the complementary minor of a, in Ag, and hence a 
second minor of A. By 60, 


Bis Bix = 0; 1 
Bui Bui 
and since Bix = Buis Bi Bux cre Bix’ (2) 


Expanding A by Cauchy’s theorem, 63, III., in terms of the 
elements of the first row and first column, we have, since 


Aa, = 0, 
A =— 301; 44 Be = Suidy VB Bu, substituting from (2), (3) 


in which i, k have the values 2, 3, --- 2m. From (3) we have 
at once 


A = [3a VB; |’. 


Here A is expressed as the square of a linear function of 
the elements of the first row. This function is rational if 
VB, is rational. But 8, is a skew symmetrical determinant of 
order 21 —2. Hence a skew symmetrical determinant of order 
2n is a perfect square if one of order 2n—2 is. But we 

proved (124, I.) that a skew symmetrical determinant of the 


~\ 
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fourth order is a perfect square; hence,.by what we have just 
proved, one of the sixth order is a perfect square, and so on. 


126. Since 
A= Sago : 
= [dp Von + M3 V Bog + Gig aS = t= Oi, N Gece ; 


that is, since A is the square of.a linear function of the ele- 
ments of the first row, we see that if A is of the fourth order, 
VA contains 3 terms; then, if A is of the sixth order, VA 
contains 5.3 terms, etc. In general, then, VA is the sum of 


(2n—1) (2n—8) -:- 5. 3. 1 terms. 


Every term of V/A is, moreover, the product of »n elements of 
A, in which no subscript is repeatede For, taking the term 
cy V Bus, for instance, we see that it consists of terms in which 
neither of the subscripts 1,4 is repeated. But V8, will contain 
a term (31/733, in which, as before, ~/7;; contains none of the 
subscripts 1,2,3,43; and so on. Hence VA is the sum of 
terms of the form 
Cy Cgs sg *** A2n—19n9 


in which no subscript is repeated. 
If A is of the fourth order, for example, we have 


A® =| 0 dy hg dy |, and VA®= (Ayo Ag, LE Ayg May yy Ogg). 
An 0 ~ Gog Ong 
ts, Aso O  Cgg 
Ay Ag. A O |A,=— A, 


vo 


To determine which sign is prefixed to each term, we observe 
that since the interchange of two subscripts of A amounts to 
an interchange of two rows, and also of two columns, and 
therefore leaves A unchanged, V/A must be a function in which 
the interchange of two subscripts either causes no change or 
simply a change in sign. 
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If we consider any term of VA, as (y2Qs4, Which the inter- 
change of the subscripts 1,2 transforms into @ dg, = — Gy_Ag4, 
it is obvious that A“ does change sign on interchanging two 
subscripts. We have then the square root equal to _ 


Ay2 Agy — Ayg og F Ay4 Ans 5 (2) 


for, if the second term of (2) were +, the interchange of 2 
and 3, while changing the sign of the last term, leaves the 
signs of the first two unchanged. 

Since a,—=— a, it is always possible to so interchange the 
subscripts that all the terms shall be positive. Thus 


VA = AyyAgy-H yg Aig + Ayy og. 


127. In general, we proceed as follows : 
A being a skew symmetrical determinant of the 2nth order, 
A contains the term 


ea 2 
( 1)” Gye Gay Og Cys Og Mes *** Clon—12n Mon on—1 = (Az Ag M56 *** Aon—19n)« 
Hence VA contains the term 
F Ayo Ag4 Ass +** Won—19, = T. 


The positive square root of A which contains 7’ as its first 
term is an important function, possessing many properties 
analogous to the properties of determinants, and is called a 
Pfaffian. The notation 


P=[1, 2,+-2n], or WEY 2, By see 2N), 


has been adopted for the Pfaffian. From what precedes, we 
see that the terms of the Pfaffian are obtained from the prin- 
cipal term by permuting the subscripts 2, 3, --- 2n in all pos- 
sible ways, and changing sign with every permutation. 

Since a, —=— d,, we may so arrange the elements that every 
term of P is positive. Thus in the case of A® above we have 


VAY = PX Ayo Ags + Ms Ayo + Ay yy. (P) 
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128. If two subscripts are interchanged, the sign of P is 
changed. . Let a,,6 be the terms of P containing the element 
d,,- °'Then the elements of 8 do. not involve the subscripts 
y ands. Interchanging 7 and s, let P become P'. Now 


Dt maw LZ 
P? =P", 


since each square is A, in which two rows and also two columns 
have been interchanged ; | 


oie BP = sm Tae 
But because of the interchange in 7 and s, 
a,,8 becomes — a,,/3 ; 


or, since the term a,,8 of P=—a,.8 of P', it follows that. 
P =— P', as was to be shown. 


129. We shall now prove a theorem by which we may com- 
pute Pfaffians of order 2 from those of order 2n — 2.* 
Assuming 


V Bea 1) (25 8, Se eae On ye (1) 
or, after making i—2 cyclical interchanges, 
WV By = (hd a2, 2, Dn, 28 oe (2) 


where @ has the same meaning as in 125, we show that 


WV Bix YA che = Bix } (3) 
and then since 
P= (49 V Bos + Cy3 V Bes + ce at Aj on V-Boi. ois ee (4) 


* There is a difference in the nomenclature. We have here considered 
the order of the Pfaffian to be determined by the number of subscripts 
involved. Some authors determine the order of, the Pfaffian by the order 
of the terms in the elements. ‘Thus (1, 2, 3, 4), or ||a,,|, which we have 
designated as a Pfaffian of the fourth order, is said by some writers to be 
of the second order. 
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(1, 2,3, «++, 21) = Ay (3, +++, 20) + yg (4, +++, 20, 2) fee (5) 
+ Gyn (2, 8, +++, 2n—1) 


To show that upon the assumption (1) or (2) the equation 
(3) results, we proceed as follows : 


Since : Bu Bra == Bias 


the terms of VB;,-V Buz must be equal each to each to the terms 
of B,, or equal with contrary sign. The product 


(—1)*(2, Ba, pont. i+ 1, «++, 2) } (6) 
(2 oe wee, k—1, A+1, tery 27) 


becomes, after a certain number of interchanges, 
(k, Po Jq Py very Uy v) (Pp, RE en ke t), (7) 
where p, 7, 7, «+, U, v denote the series of numbers 
DBs Qn, 


exclusive of 7, k. Again, 


Ba=(—1)'**| dee gg 9° Ggzai Che p41 ts 
Ugg Ugg <9 -Agy_1 Gigget oo 808 


| (8) 
W129 Aig °° G1re-1 G-1e41 °° 


Giiig Asarg °**  Aiay-1 Uarnsi 


i =e 0, Cys lay l,, ) 


becomes, after the same number of interchanges as were em- 
ployed to change (6) to (7), 


ip Cig Up: the Nyy Un; . 

Ap Ong Ch, r eee Cnyy Ay; 

Desde Bei oh DE Cid they (9) 
' fi 
[ Ap — yg —Uyp 88° yy bs : 
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Now the first term of the product of (7) is 
Cny Lar *** huy Upg Urs *** Cvis 


which is identical with the first term of the determinant (9). 
Whence the truth of (2) is established, and (5) gives the 
desired expansion of P. It is to be noted that the successive 
terms of P are written cyclically. -For example, A® being a 
skew symmetrical determinant of the fourth order, 


AO Pee le ey oA) 
and (1, 2, 3, 4) = Gyo gg + Cys yy + Ay Mog. 
A® = P?= (1,2,8,--6), 


(1, 2, oe 6) = Ay (3, 4,9, 6) + Cys (4, 3, 6,2) + dig (5, 6, 2, 3) 
+ ahs (6, 2, 3,4) + aye (2, 3, 4, 5) 


= Ayg Ags Ugg + Clyg gs Ugg A Ayo Age Cas 
+ Gyg O45 Ue + yg Ogg Mos + M13 Aye Ase 
+ yy Msg Mog + Ay4 M52 Ugg + Ay4 Msg Age 
+ Ay5 Meg Ogy + ys Ags Ago + Ays Cgs Clos 
H+ Clg Mog Uys + yg Cag 53  Ayg Oo5 Ag. 


130. The student must have already noticed the analogy 
between determinants and Pfaffians referred to above. The 
following notation, based upon this analogy, is interesting. 
Since the Pfaffian involves just half the elements of a skew 
symmetrical determinant like A of 124, II., we write the 
Pfaffian , 


P= | (yo Aya Tyg °° AUjon-1 Cy on ’ 
Clos Co se: Cp Qn-1 Cy 2n 
Ag °** Ogon—j C3 20 


Clon—2 2n—1 Aon —22n 


ve Qen—19n 
which is shortened to 


|] 12 Clog Ol oe Con—190|3 or to ff(% on) Or to | ay on'|s 
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In particular, we have for a Pfaffian of the third order 


la, 0, cy | = ff(a1b2¢3) = lla, by Cy. 


We may accordingly write equation (p), at the end of 127, © 
VA® = ||a,|, or rather A® = ||a,/?; : 
and the general equation would be 
BO ons 


131. We must here conclude the discussion of Pfaffians with 
the theorem: a bordered* skew symmetrical determinant is 
the product of two Pfaffians. 

From equation (b), 122, I1., 


2 pearneA e 
+ 2 A Aan, 


GnIMn* 
* Aa, = CA, 2, +++, 22) (2, 3, +, 2n— 2, 2n—1), (1) 


which proves the theorem when the determinant is of odd order. 
Let A” be a skew symmetrical determinant of odd order. Ag,; 
is a Skew symmetrical determinant of even order, and hence 


Ra doer (—1)** Gd, Boot — ht dy so, n) 
= (i+1, ---,”, 1, 2, ---,¢—1). 
Now A™ being zero, we have, by 60, 
1 Ba 
“Ag, = G+1, ++, 2, 1, 2, ++, —1) (2). 
(k+1, +++, 7, 1,2, ++, k—1), 


which proves that a bordered skew symmetrical determinant of 
even order is the product of two Pfaffians: for any minor Ag,, 


* A bordered skew symmetrical determinant is one in which the minor 
of one of the corner elements is skew symmetrical. 
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of a skew symmetrical determinant is evidently expressible as 
a bordered skew symmetrical determinant. 


Ti+ 
= ——. 0, : 
MSP tie | *", we find by (1), 
Cj; = 0) 
Dag =—| te Uy Ay Ms Ae 
Coo Clog Cys Clos Cog 
Aso M33 gg g5 Ogg 
Cyn yg gg ys gg 
sg Css Ass Oss As5g | Ay = 0, Cys ee Oh gy 
=— (1, 2, 3, 4, d, 6) (2, 3, 4, 5). 
Again, if 
C,. = — a 
ne *, we find by (2) 
Jays == Woy Clog Clox Cog 


ot ae o 
Gy As Gs Ay| = (9,1, 2, 3) (8,4, 5,1), 
As, sg, A553 As4| Ay = 0,0, = — Ps 


as the student can readily verify. 


Circulants. 
132. The resultant of 
S(®) =e +a,¢+a,=0, (1) 
$(2) = ~{ =0, (2) 


by Sylvester’s method (92) is 


Oy Oy Mig Ol OL ASSN © Cos . Ogileaedne 
UPR Pa og era | Us GQ, Gs 

Us a rears Opaillgetitls 

10 0 Ata | 

Whores ger Wem tate 8 
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Now a, a, ag being the three roots of unity, it is evident 


(94) that 
R= f (a1) f (a2) f (as) 5 (3) 


or, denoting one of the imaginary cube roots of unity by a, 
the other is a”, and we may write 


R=f() F(a) S(@) 
= (+ % ay Gls) (07 + daa + As) (Ma + ya” + As), 
an equation exhibiting the factors of &. 


133. J? is evidently a symmetrical determinant formed from 
the elements a, a,, dz in its first row, in such a way that the 
last element in every row is the first element in every succeed- 
ing row, and the other elements are written in order. Such a 
determinant is called a Circulant.* The intimate connection 
of the Circulant of the third order with the ctibe roots of unity 
was shown in the last article. We shall now prove that, in 
general, the circulant of the nth order, 


C=C (a, d.+++d,) =], Ay As + Gy A, 
On Gy Tq *** Upie An—1 
by 1 Cy, hy Cn 3 Ay 2 
Cs ys Cs rahe! Cy (lo 
ar As 4 Lo sis aU n a 1 


is the product of all factors of the form 
Up "> Oy 10," ” + Ayo; + +++ + Aga,’ + Aya; + , = f(a,), 


in which a; is one of the nth roots of unity, and 7 accordingly 
takes successively all the values 1, 2,---. In symbols, we 
are to show . 


6 (ay Cy Us 0+ Gn) = II (a, a,” 1 + Aya"? + ee + doa; + ty) 
i= ; 
= f(a) f(42) (as) +++ Fan) - 


Write another determinant of the nth order 


* The Circulant is of frequent occurrence in the Theory of numbers. ° 


~ 
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A = 1 ay ay He eee ge e 
1 ao os a aa 
1 As os as? as” 1 
: 1 an ame a,? pay rity 


Multiplying by rows, 


Oe 1)" flay) Lf (ag \ on sto na) F( an) 
of (a1) ag f(ag) + Oy eh eee, On J (On) 
ay F(a) ty es Mae eis naa (tn hr a; ns 


fla) fla) ma) Sa) 


Factoring this product, 


CA Z S(a)f (a2) +++ (an) A. 
C- = F(a) foe) “++ f(an) . 
= I (tn a” +4 a, ya"? + +++ + dpa; + a). 


For an illustration, | 0 0 0 y| 
Oe Fon) VT oD) 
et ee eee OS 6 
Oia ee” D 
Oe A Se ee 
= (@+a,y) (@+ ary) (@ + ay) (w+ ay) (+457) 
=@+n(2+| SE aE NOR v=ily) 
4 
(a +| voa1_ pana =i|y) 
[in ee 
Gay Bee Ne v8 y=i|y) 


= a? + ys 
as was evident from the beginning. 


ae | 
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134. The circulant of the fourth order 


Seen Os. ds) a, 

Cr keh and) SES 
Late 0, ol ye 
1 Qg Gg Gy Qy 


can be expressed as a circulant of the second order, as follows. 
We have 


—C=|@ —G ay —M%)= | ay Gg as]. 
(lg —y Gy —s Ge Ogee Os 
dy —Q, Wy —As ave path, atis 
(lg, —M3 Gy —y Wi tO AO te 


The first of these determinants is obtained by interchanging 
the second and third rows, and multiplying by (—1)’; the 
second is obtained from the first by reversing the order of the 
rows, and then reversing the order of the columns. 

Multiplying them together, 


C= 
A —2 det +a,?7 20\a,—-a~—ar 0 0 : 
2a,0,—Ae~—As Ay’ —2 Ayo +,” 0 0 

0) 0 2A. —A— de ae +a —2 ayy 

0 0 Ag —2dz+age 2 Aoy—Aa”—a; 


Whence expressing C” as the product of two minors, and 
extracting the square root, . 


C= | Cy Ay — Ag Ag + Ag Ag — Ugg Ag Gy — Ag My + Ay Az — M4 M4), 
| As Ay ea Cy Ao a Cy Cs ce C4 (4 ay Cy —— Cs A, a Cs Cs ih Os 


as was to be shown. | 
The method employed in this special case is equally appli- 
cable to show that, in general, a circulant of order 2n can be 
expressed as a circulant of the nth order. 
We add the following proof, bowever, which is based upon 
the fundamental property of circulants. 


‘ ~~ 
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We have to show that 


C=| 4 Clg Ug *** Aon-1 Aon Saye Og her a Oem 
Chon, GQ, My > Con —9 Con 1 OF by Fi ae On-1 
Clon 1 Aan Ay, **° -** Aon —9 Dy-1 b, ke Ones b,~2 (1) 
Cs C4 as eee ty Cy be b, . D, by 
Gy Op. Oy ye sn <0, Os) Ones <* OganOy 
where 
By = 0,0, — gn My + Gon_y Ag — + +** — Ag Aon 
“by = Ag, = — Ay Ss FH AMg = — Hees — Oy ey, 
by = M50, —dg +430; —+ +> — Agden 


eoe eee eee eee eee eee 


Dy, == Agy_1% — Agy_o Uy - Agy_g Ag — + +++ — Ay, Aon. 


The first determinant 


i=2n 


ek It (Gon, eb yn 1 ae PE Alyy 907" + +++ + Ay a;+d)). (2) 
i= 


Now for every 27th root a of unity there is one —a. Hence 
(2) may be written 


4aN 


C oa I (Uae : fi Dear Spornes on bs a,;* ot doa, sis by) : (3) 
a1 
5 he Fly ee ctl gy Sie has ee es 
are the 2nth roots of unity, it is evident that 
2 2 2 2 
Oy» Ags Ags °*%5 Any 


are the nth roots of unity. Hence the second member of (3) 
equals the second determinant of (1), which establishes the 
theorem. 
For example, 
Cz ey 0! Od rea ar 
AOD PY ae eae 
ses Rae nn : | 
Gver ae. | 


’ 
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in which : 
H=@+0C—2bd, F=—V—aA+2«a«. 
“ C= (+e —2bd)?— (2ac—b? — d’)’. 


Centro-symmetric Determinants. 


135. If we suppose a determinant to be symmetrical with 
respect to the centre of the square (centro-symmetric*), we 
have, if the determinant is of order 2n, 


A =| ay he “ina An On Oy, sarah Opera Opis 
Clg, Cy “© Ggn-1 Con Oy Oey **+ Don-1 Don 


Oni ng *** Unn-1 Wnn Di Dis ye, b, n~1 Ge 
~ OD 12 D1 Grin OUnn-1 %** Ong Un) 


he _ 


Don Can *** Ooo Do, Gen Genii *** Mgg ay 
Bin Oin-1 °** O19 O11 Mn Ayn-1 ** Ge Ay 


We will transform A as follows: add the last column to the 
first, the (2n—1)th to the second, and so on, finally adding 
the (n+1)th to the nth. Afterward subtract the first row 
from the last, the second from the (2n—1)th, and so on, 
finally subtracting the nth from the (n+1)th. Then 


A=] + On oe Gu + On Dy oil Orn 
Gy + Vg, +++ Cay + Oxy Dy, can Don 
Any a Did se Gin = Diy Diy ete ei 

0 ea 0 Cin — Diy One CULay eas One 

0 a 0) Clon, — Duy pa ay Do, 

0) LP 0) Cin oa Dy git yy ros Ova 


* Tt may be shown that the product of any two determinants of the nth 
order is expressible as a centro-symmetric determinant of the 2 nth order. 
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Hence 


A= yy + Din 
Coy = Bon 


Un) + Ban 


x Dna 


Ann — 


Qn — by 
Ain — On 


If A is of order 2n +1, we write 


A=|a Ap 
Cg, Age 
Ani Ono 
h 
De On e1 
Din Din-1 


By making just 
find 

A =| ayn + Oy, 

Oo) + Don 


Oe a Bin-1 
Ais, + Don 


One + Dees 


“ 


Cnn—~1 — Ono 


Aon—1 — Oo» 


Ain-1 — Ow * 


Gia ay 
Con hy 
Onn Kk, 
L r 

b, if k n 
by k 1 
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Ana + Oy = in + On 
Agn—1 + bo on + Dy 
Onn—1 + Png Ann + Bn 
Ong — Dees Oni — Onn 
sg — Don 4 An — Don 
Gye — Oy. An — On 
Dy Die 1 b,, 
Doy Don-1 Boy 
bay Ks Dan—1 ae 
lx cate l, l, 
Onn Ang Cn 
in Cy yy 


the same transformations 


Aye as Dina 

Gog + Don -1 

Ano op Danes 
Zt, 


AOnn-1 a Ons 
Qon-1 — Doe 
Qin-1 — Or 


Qin + Oy 


*2¢ on + Oa, 


Gan sa Bai 
va 21, 


Any — On 


Qi — Bin 


yy — Don 
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ubyiae 


Collecting results, we have: a centro-symmetric determinant 
equals the product of two determinants each of the nth order, 
if the order of the symmetric determinant is 2; if the order 
of the symmetric determinant is 2n +1, the factors are of order 


n and n+1 respectively. 


For an illustration we expand the following determinant : 


eerie hee fy, ie 

OR AI e fe en Te Gg 

COD. Ue ti e=—7. 

Gi Gute On ik fo oe 

Ce LO a he, Ue O ed 

PC AGU Ge tet 

Gahs 6. fa er) ee 

(RRs Pang MK eek ae aa | 
=|jath b+g ct+tfdte|x|a—h b—g c—f d—e 
b+g ath d+e c+f b—g a-h d—e c—f 
c+f d+e ath b+g e—f d—e a—-h b—g 
dt+te c+f b+q ath Dive c—f b—g a-—h 
=|a+th+d+e b+g+ct+f\|x|ath—d—e b+g—c—f 
eae ath+dt+e b+g—c—f ath—d—e 
x| a—h+d—e b—gq+e—f|x|a—h—d+e b—g—c+/f\. 
b—qte—f a—h+d—e b—g—c+f a—-h—d+e 


Continuants. 


136. Consider the three simultaneous equations : 


(a) 38a%— &% aah 
(6) m+4%— a=0 
(c) Vo + 5 Ve = 0 


| | 
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From (a), 


vy 
From (0), 
Bs 1 1 
2, a ee 9 ee HiT — 1 e 
i} Wo 
sete | 
vo 
From (c), 
ws art oe Hy = J 1 
“2 By are es 
ria 
5 


The value of a, is thus expressed as a continued fraction. 
If we solve for 2, by 69, we find 


Wee i ly (ll oe cena 
tet igen ease eee 
Ge ets ita os Mae 


We see then that a continued fraction may be expressed as 


the quotient of two determinants. 
We shall now proceed to the application of determinants to 


continued fractions in general. 


137. From the simultaneous equations 


Gis Cy vy oe Vo =a), 
(2) Og Vy + Ay Xo = Ue 
T (3) A,X + Ag Ws == Uy 
(n 2 1 ) Cy, = jl Cn—2 -f- An—-1 Si | = Ln 


(7) an Cn -1 oe Ay, vn = n+ 
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we obtain from (1) 


as obtained from (2), (3), --- (w—1), (”), we have 


Q 
~ Oh + ae 
lz + as 


vy 


ay — Unt 
Xv, 


aa) 


The value of x, is seen to be expressible as a continued 
fraction. If we stop at the nth quotient, and thus take the 
nth convergent for the value of x, then ~,,, and all the suc- 
ceeding 2's must be conceived to vanish. In that case a, is 
the continued fraction. 


7 ay 00) Ag On-1 Ay 


- (ty zc Cy + (ls + by, + Uy 


The consecutive convergents to /” will be denoted by 


PAPA Tie: 


Or Oe Le LG 


ees ao 
The determinant expression for —* is now found by making 
n 


%,41= 0 in equations I., and solving for 2, by 69. We find 


uM 
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a —l 0 0 0 0 0 0 
0 a —1 0 0 0 0 0 
0 a ar —1 () 0 0 0 
oe) ay dy —il 0 0 0 
tees 6 0 0 0) Gee fod 
0) 0) 0) 0 0 0 rite CL, 

i sae: ea 

a —-l 0 0 0) 0 0 0 
a Gd —l O 0 0) 0 0 
Oe an dz —1 . 0 ) 0 W) 
Vopr ipa imager Meme Rec en oe oe Fane 
O20 0 ) 0 tee 54) iss, eos 

which is the determinant expression sought, and hence is 

ike 
Qn 
Looking at numerator and denominator of this convergent, 
we see that 
P, = % dn, 
. da, 
and thus dQ, 
Qa, —— 
+ ie , and) Sod" = 4; d (log Qn) : 
n Ay 


138. A determinant having the form of Q, in the preceding 
article is called a continuant ; 7.e., a continuant is a determi- 
nant in which the elements outside of the principal diagonal 
and the two ‘adjacent minor diagonals are all zeros, and one of 
these minor diagonals has each of its elements —1. 

Since 


ded el ea eee 0 0° 0 
om) Cs — i 0) 0 0 () 
0 Sage acest (Mee ies ke 
0) 0 ) (0) On Coney — 1 
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a Mage 9.0) 0-05 1s OQ Oa 30 
= Hild on OV ee 0 ess 0 


0 =I ad a -- 0 Cea 
0 0 OY OS ea — 1 a 
0 YW) Oe US eeey ae Wee bye 


it is immaterial on which side of the principal diagonal we 
write that minor diagonal whose elements are —1. Also we 
may write 


Q,=|a —-1 O 0O rn 0 0 0 
tar an eens RON Petan th (i. bap 
0 Ag Os —1 eee 0 0) 0 
0 0 0 0 On 1 An—1 Tell! 
ei 0 (eet innn ae 
Site cited Ore a O22 0 eerie ot) 
—A9, Cs iE 0 0 0 0 0 
0 — As Ae il 0 0 0 0 
(ear r 00. 60 A Sepia AB 
tidy eco 0.4.6 Ssh ead 


° P ° 
Returning to —", we may now write 


n 


oN\ 
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a OQ eee (> 
ay 3 4 n 
lo Ag 8+ Onn. 
; Ag Ag *** Ay 
CNS ide 128 0 


or, the nth convergent to a continued fraction F is expressible as 
the quotient of two continuants multiplied by the first numerator 
of Ti. 


~ 


P, 
Qn 


139. Expanding P, in terms of the elements. of the last row, 
we find 
P= ay Og Gg *** Ay 
‘ Us ie Aes) ee 


= d,0,| ad —1l ‘0 OQ) 7 ane 0 0 0 
dee eae One anna 0) 0 
Ya, Ad, —l «+: 0 0 0 


0 0 0 0 he en ee 
0 ) 0 ) Oo i a,27. Ogee 
“+ Gn | a, —1 0) 0 0 0 0 
m. Ud, 7 eile 0 0 0 0 
i ey dy —l 0 0) 0 
) 0 0) 0 On-3 Ani =v 
0 ) Caren i a ae ee | 


do a eer GQ a Ado a eee Oo = 
— Cl, ay oO 4 n—1 ofe he ay 3) 4 n—2 
Ao Ce mene, Bh Ce (ls eS Un shay 


oe Ay Pen i an Pr =z" (A) 
Similarly, 


tat Ay Ag *** GQ, : Op. Og ga SS Oe: 
Qn = = da, Fj 
LD a ase et hy Oo a oe Ue 


= An Un-1 + An Qn—2 | (B) 
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140. It is to be observed that the equations (A) and (B), 
besides establishing the law of formation of the consecutive 
convergents to F, give the expansion of a continuant of order 
n in terms of continuants of lower orders. Thus, by (B), 


Gg Ag. 4 Ag Ag ao 
=a ody ’ 
ii Gs Og. Oy Oy sin is Gy 


a a 
= a.0 : (4 Ao (a a 5) 
3 He 7 a 4 3 ( 1) ata nes .) 


= ay As Cs Ay+ ee) As 4 + Cy Ag 4 + Cy Ap a4 + Ap Ay. 


141. Equation (B) is, in fact, a special case of the more 
general theorem 


Oo ag 4 eee ay O95 Ag eee a, O49 eee a, 
Mh Gy Ag + A, J \Gy Ge 22> Ae] \Gpyy 8 Op 
oe : OF Orel Ay43 °°* An ‘ 
ly ers Cpe. 1 A,+49 << an 


This is easily proved by writing out the continuant of the 
first member in full, and expanding by Laplace’s Theorem 
(55) in terms of the minors formed from the first 7 rows and 
their complementaries. 

We may also use (B) to obtain another expansion of Q,,. 
Thus 


Ao as eee Ay as a4 eas OL, O4 as Sas it, 
= Cty : + ao ) 
a, Cg eee An Cy (ls coe Ay = As eee eee Ay 


as the student may easily verify by expanding the first member 
in terms of the elements of the first column. 


142. It will afford the student an excellent exercise to take 
the quotient 
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and, with the help of (C’) of the preceding article, transform 
it into the continued fraction 


ony a) As a, 


My +42 +43 or oa 


143. 57 or 62 established the theorem 


@A _ds ds _ da da a) 
AdizAAy, Ady, Ad,, Ady, Adj 
Let Ate .=( eS ae ) 
Oy Ce fh NO Cn 
and let Geese, AN =e as) 
; Then ava = Ag o-SiS es Ole 224 — eer 
Ady, Ay, Gz Ag ees Myf : 


where P,,_, has the meaning assigned to it from the beginning. 


mig6 CEL poe eae Tat 
day, tig Li ese BO Fae con 
Similarly, 
dA dA 
— = Aa °° a. 5 SE a aes | n—-l. 
Ad, he d ni ( ) : 
and dA frst Ag ee te An-1 oe Q e 
Ad, A, Cg i: Oy —1 ore 


: Og Ag st Ay Og Og *** Anz 
Gy By 8 On J \%n Ag r* My 


as ue Ding ay eee An 1 
— — — 1 nl Oo de eee . 
( so Fees Cy ++ ee ( ) 243 On 9 


or On diaat at lie Qn-1 a (—1)" a, agag-++a,. 
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144. With the help of determinants we may now show 


that 
Fat _& Mg is Seed Oy, tw oes en On 
@ +A, +43 peg Oe Dea = tt, 
equals 
iad, 208 as Voy MO, Oy Ay, 


ad +d +4, + UO, +O, + Ona1 +d, 


Express Ff’ as the quotient of two determinants, employing 
the form obtained in 137. Now transform numerator and 
denominator of this determinant as follows. Multiply the 
(k —1)th column, and divide the (A — 1)th row of each deter- 
minant by —a,_;. Then perform the same operations upon 
each succeeding row and column. Afterward multiply the 
(k —1)th row of each determinant by w. The value of the 
fraction is not changed, and we obtain for the value of / 


ee es 0 0 i Oem ahs i Oe 
10 pee in areas 08 8 OU Oe ye On ete OD 
Be ge ines Oh Ope Od), Dee Oe 
Boren obi tha toc eich WO ARI ee me ee at 
) 0 0) 0 QO «+ —% aH —xv 0 QO «. O 0 
eal eee. 0 Cath. Geaatel Po) orton tae eG 
Piao 0 nO 9 ate 0 Op, Wn 
ee Vig aM abo OP oy 0 0 
te ted = 1-0 (eet ea ee ee meen 
ede. de ol eee iG La iveetic 0 0 


0 0 0 Ur venetian Meri y 0 QO -- O 0 
0 0 0 QO ++. —@ Gea —av% 0 Or sae QD 0 
0 0 () QO -- 0 ee) Op be One 0 


180 THEORY OF DETERMINANTS. 


Now divide the (k—1)th column, and multiply the (4 —1)th 
row of numerator and denominator by —ao,;. Then divide 
the kth column, and multiply the Ath row of numerator and 
denominator by —o,_,%, and perform the same operations upon 
the succeeding rows and columns. We obtain 


7 Noyes ana Vig acs eee ak eS tere! fy ae gece nS 
ey alt epee alae 0 Fe 
Ot. Tas Pas EN 6 0S ie 0 eee 


© 
oO 
os) 
j=) 


Ue ey 0 QO +-a,,0 A, 3% —1 O QO -- OQ 0) 
0 0 0 O88 OO") at ap a OP ew 0 
0 0 0 Or tase 0 0 O41 A+. —1 ++» O 0 


0 0 0 O -- O 0 ) 0 O~ s=5- Fog ee 


Ge 1 Ore BOs oie ae 0 0 0), One ee 
bape tdiac fos Os tees 0G 1s Ow vier Cae) ay ee 
Diets fag. v1 Os ss Ogee on Oe: C0 ae me 
GO a veal Wily era eeecg ta ade Pe) een ee 
OOO, CionOs eae oe Pao oe le 0 
0 0) 0 Qo ae 0 ar Gy —l= 0 0 
| 0 0 0 QO s+ O 0 0 0 Q sa< Ge Ste 


But this quotient is the continued fraction FP”. 


145. In a certain investigation it becomes necessary to 
show that the denominators D, and D, of the convergents 
to the fractions 


BoD b 
Cy oe Ae Le Cy, 


are equal. 
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We have 


eee si AO) eee Ok ne 


b d@ —1 0 oa oanee @ 
1 ae (Oe ood Pas Ores | 
8-0 0) 0 b G1 —1 
0 0) 0 0 Shae 
and 

D,=\|a, —1 0 0 OD SOO 
b a,., —1 0 02-0; 2-0 
0 ie ieee 


i Oe Oa nsee os bia 


By reversing the order of the columns in D,, and also the 
order of the rows, and afterward making the rows the columns 
in order, the original determinant is unchanged either in sign 
or magnitude. But by these transformations D, is changed 
to D,. Whence D, = D,, as was to be shown. 


146. The quotient 


bby. Cs 


[ ty. Ogres! 


can be expressed as a continued fraction, as follows : 


Tay Cid jae | ee 
by Cy | Qs by |b, Co] 
| Dy Cs | (0 bs ey | dz bs 10, Cg| 
ley Celene ta) dy <6, a ie Die 
(se sot Gy by |b, 66] 
Oe Ds Cs dz bd, |B, 6, 
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Dean eet) bs 7200 Ore 
[@g0,| dy | 0, ¢5]| | Gly be | by —{- 
0 bs [Dr Ga 0 — bs | b, Ce | | by Cs | 
ullapb. | 20,1, ree al eagoe aa 0 
[dbs] db. 1d c9! — by | debs] bs A 
() bs | By cg | 0 Ts a | Ries 
b, 
i‘ [a d31 dy | dag | 
by Dat Dy Cod 
| by on 


This process is equally applicable to show that, in general, 


the quotient of two determinants = is expressible as a con- 


tinued fraction, provided only that 


A, = Lee or ay, —— dA» 9 A, — ds 3 or A, = dAs ° 
day, Adin, Ady) dan 
147. The continued fraction 
Y 7) a a Og os wee On 
pe aa + My +s Ge 
is evidently equal to Oj fig 7 os a | 
i eee a 
ag Os oe 1 On, ) 
Cy As Ss An 
For 
ge), ov 0 O!|l+in-—1 0 80 0 O 
” () iigreset 1." 0 0 Orage 4 0 0 
0 a, ds —1l 0270 O a a —1 C750 
S1F aise hie ae ou Clete) plea) Mera 0 O G, Us 0 O 
Osa ane im as eee so et 
Ose O20 aU Qn On 
F, — 
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But the first determinant in the numerator may be written 


0 —1 O GO =. G8 Ol=|0 —Tf. 0 Ore bean, POs 
a O —-1 0 -. 0 O eahhy Pomme | Or. Sree et ie oO 
TP Pde o— 1 ne 8 OP 'Gg4 20g) +) ree eG 

0 : 0 Os Os 0 O O70 Oy a ee) 

0 O 0 OQ see “ag. G.-.0 0) ee ea he 


whence the desired result is at once obtained by substituting 
in the numerator of the value of 7, and adding the deter- 
minants. 


148. We may, with the help of the preceding article, express 
the value of the periodic continued fraction 


m+ by De bs bs by by 
ad, +d, +45 Be tr ee ee ey 
* * 


as the quotient of two determinants. (The * marks the re- 
curring period.) 
If we put x for the continued fraction, we have 


£=m + ue Os toes bs Os Or 
iS Vidiya de 2 eg ee 


Then, by 147, 


Ob, Oy + by by by 
M 1 Gy *** Gg OQ (M+2) 
aS OS y 


by bs eae Dy dD, 
@, Op. dy =» Oy 70, (e+ ow) 


clearing of fractions, and expanding, 
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But the first term of the first member equals the second 
term of the second member of this equation. ° 


Db, by oa bs by b, 3 
0 Ay Co 22": Cs As Cy M7 


bo bs She bs Ds 
Cy Cy As, =e °° As Ay Cy, 


149. Let us now consider the ascending continued fraction 


an 


- + 
Os ahs a 


As ae age 
ag + G dU, as Gn 


jalers fea 


acs 
Denote the convergents to F' by 


P p 1 : Pe , P n 
pa pile EAE Aevere 
qd a Ye Yn 


and let us obtain the determinant expression for the nth con- 
vergent. 
We have evidently 


Yn — Cy Cho As seb Oy» 


p, is determined from the following equations, which the 
student can easily deduce : 


Pr = ay 
— Ag P; + Po = 
— 3 Po + Ps = ag 
—An-2 Pr-s a Pr-2 —= Gn_9 
— &,_1Pn—2 am Pr-1 noe Ol 
On Pn + Pn = Oy 
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From these equations 


Pr = 


185 


1 0 0 0 0 0 a 
—a, 1 ) 0 0) 0 Qo 
0 (Kcr —G,-2 LI (het aes 
Ut on hae Cette sy as 
0 ) 0 @) (0) i he ae 8 
a, —l 0 0) 0 ) 0 | 
de OG a <1 (Se arth Naas 
On 9 0 @) 0 C9 —— 1 @) 
An-1 0 @) 0 (0) cs rel ae 3 
On Oe Oo} OG O° & 
a, —l O 0 (0) Oy 
On-1 0) 0) () Oy “| wears 1 } 
pete OLY teeta P| 
ad, —1l eae? Pi abet 
0) td —1 0 0) @) 
) 0 dz —l () () 
®) () (0) ®) ad, 1 —1 
ee 0 0 0) CL, 


‘ uk? 
150. The numerator and denominator of — can be trans- 


1 


formed into continuants, and thus the fraction F' can be 
transformed into a descending continued fraction, as follows: 
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Multiply the last row of p, by a,1, and subtract from it the 
(n—1)th row multiplied by a,; then multiply the (n—1)th 
row by o,-2, and subtract from it the (n—2)th row multiplied 
by a,.1; andsoon. Then 


Siar Rae bear (pines 0 0 0 

0 Ap04+ a9 — day] 0 Ms) 0 (0) 0 

0 — AAs AsQo + a3 —Ag°*° 0 0 0 

0 0 0) 1) es ae Oy—20n—1 On —108n—2-b An-1 —An_2 

0 0 0 QO --- 0 Oy 10n  Antn y+ On 
Pn = ne 


On-1%n-2%m-3 °°* AgAgQ] 


Similarly, 
eet Amie 0-4 Rene BenO 0 0 
rn (Qo Mp0 + Oo mu 0 0 0 0 
0 — Ans Cs09-- Os tra Up P= 2S 0 0 0 
see DIR, oye MOIS 0h 
0 0 (0) 0 et n—2 n—1%n—2 —On-2 
On—1 ste On—1 
0. 
10 0 0 QO + 0. =ta50pe ye 
. n=l 
¥ si +O, | 
i 
On—1An—24n-g *** 9%} 
Whence, by 144, 
Pn 
Qn 
Seay ly Ag 90.1013 Uy —20n—34n—1 Ay—198n—20n 
ee —————$—$——————— Se eos a ah ao SS ’ 
Cy — Apt +a, —Age +as —On 10-2 Ona — Anni Op 


the descending fraction sought. 


<< CCC 


—— 
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Alternants. 


151. Consider the determinant 


= 2 —1 
Pye an Ys aad! Selle a tae © hada 
AP Ga 2 Og? ae 
—1 
bs ie” c,. 6 il 


and the product 


P = (dg—)) (Ag—) (€y4—) ++ (4, —) 
X (dg—y) (Ay—Gy) ++ (a, — 2) 
x (4—ds3) ary (A,— 3) 


x (a, as Qn 1) 


of the 5 (1) differences of the n different quantities involved 


in A. This product is called the difference product of the n 
quantities a), dy, +++ d,, and for it the notation L(y, Ag, Ags +++ My) 
has been adopted. 

The reader will remember that the square of the difference 
product was denoted by €(a,, ds, --- a,), and thus the difference 
product itself is very appropriately designated by € (a, da, +++ @,). 

We shall now show that 


A= P= (dy, a, +++) Ay)- (1) 


_If in A we put a,=a,, A vanishes; hence A is divisible by 
each factor of P, and hence by P. Again, A and P are each 


aoe n | Wa eats 
polynomials of degree 5 (n—1), and therefore 
AS XO, , Og, Ogg "5 Os 


where A is a factor independent of a, a, +++ a,. From the 
special case 


yc 
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Ara eee 
1 dy Ay” || = (dg—,) (A3—,) (Agz— Ma) g 
eT ei 


we see that A=1, and thus the truth of (1) is established.* 


152. A of the preceding article is evidently an alternating 
function; for the interchange of a, and a, amounts to an 
interchange of two rows in the determinant, and hence changes 
its sign. A is accordingly an Alternant. In general, an alter- 
nant is a determinant in which each element of the first row is 
a function of a, the corresponding elements of the second row 
the same functions of 2, and so on. Thus 


A=| film) A(t) - f(a) | =ALAC), A@&) -: ii(@n)] 


Fi(2n) Fa(2n) ae In%n) 
is an alternant. 
153. We can easily show that 


A= ib Fi(@i) — fo(ti) -+* Sarai) | = AGC, mM, +++ Bi), 
1 fitz) — fo(@2) +++ Sn1 (#2) 


1 Si(&n) Fo(%n) oe Jee 


where f,(#) is a function of the rth degree in w, and A is the 
product of the coefficients of the terms of highest degree in 
the several functions. For subtracting the first column mul- 
tiplied by the proper number from the second, we reduce the 
elements of the second column to 912), p,%s. 1%, +++ By. 
Then subtracting the sum of the first and second columns, each 
multiplied by the proper number, from the third column, the 
elements of this column become 792)”, 9.%.7, +++ »%,?.  Pro- 
ceeding in this way, we see that finally 


A= AG (a, Wo, **° a) 


* See also examples 6 and 7, page 37. 


AC os 
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where A Sy Dg = Dye 


For an example, putting 


: u(a—1)(w@—2) + (a—r+1 
f,(%) = eee OA J) ( ), 


we have 


A an 1 Ai (a) J2(%) ib aC O(a, Woy *°8 t) 
1 


File) fos) <-~ fea) +> (n—I)! @—2)l Oh 
i Ji (@n) T2(@) ad Fu—1(®n) 


154. Every alternant whose elements are rational integral 
functions Of 2%, %, --- %, is divisible by @( a, 2%, Ws, +++ %q), 
and the quotient is a symmetric function of the variables. 
For the alternant vanishes if 7,=«,, and hence is divisible by 
®;— ®, and thus by 23 (a, a, --- w,). The quotient must be a 
symmetric function, for the interchange of w, and a, changes 
the sign of both dividend and divisor ; therefore the sign of the 
quotient remains unchanged upon the interchange of two of 
the variables, and is accordingly a symmetric function. We 
shall now actually perform the division just considered. Alter- 
nants whose functions are powers of the variables are called 
simple alternants, and are of frequent occurrence. We proceed 
first to the discussion of simple alternants. 


155. The quotient 


f eee 2 n—2 0 10 > ye 2 n—2 
1 xy vy : vy ‘ B(a 4 : ) ay A(a, 9 Voy Ve * Uy_yy &,0) 
. n— s = wv dh coe WW, er GLY as le eS. eae 
1 ay +++ ay" * He! eee : OR; Voy 29° Hy 
[bee wee cee a = 
Pees ae as 


may be developed as follows : 


Expand the dividend A in terms of the elements of the last 
column, and we obtain 


190 THEORY OF DETERMINANTS. 


9 


L Zal) ATL ee It—S 5 'G 
A(x, 9 vy 5 vs 9 aa X i) U4 


, aA dA = , aA 
Be aaa) ep SAL * da ae 
1 n : 


Now, it is evident that each of the minors in this expansion 
is a difference product. 


Thus 

an 4 ppn—2 

dA = ( Fy 1) n+r it vy wv) oem xr 

he tien cs ee 

1 Hy -1 ca shaie hee 
U Xv, +1 ve aan 
it ay y gon—2 

wv n “ny 


SS (LY OG, iy 4, Dae ee) ee 


Substituting in (1) the values of the minors as found from 
(2), and dividing both members of (1) by (a, a, --- ,), we 
have a series of terms, of which 

= i sauaare q 


(%,,—@,) (ny — By) 2+ (Vp — Xp) (@%,—B,_1) + (&,— Xp) (@,— 2) 


is the type. Thus we find 


/ » 0 vol » 2 »n—2 
A( Gy", Vo, Ws", Vay Vy! 


ne 


CUt, Woy **"%5 Ly) 


r=n ( == 1 hed bye ; 


a S, (@,,—2,) (Wy _1— Vy) +9 (Lp44—H,) (H,— Bp_q) ++ (%,— 2) 
. ay" | 
* Ba (@—W,,) (@%— 2,1) +++ (&— 2s) 
Uot 
Sera ee ine 


a ae ee ee ee ge 
(®n_2—%n) (@,-2— Xp, 4) (2, De ae) Hee: (@,-2—2) 
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as 
Un 1 


4 
(X,,_1—®) (&,,_1— %y_2) (2,1 —Bp,_-3) ea (X,-1—%) 


Ay q 
+ wu . 
(Xp,—W%n_1) (X,—Xp_2) “Ea (&,,— Xp) (x,,—2,) 


For an illustration, we have 


L-.2 Top 11-2 4 
ree ates & fie eo hey, 
LO o25 alas TS 
(2—5) (2—3) (38 —5) (8—2) (5—3) (5—2) 


156. With the help of the preceding article we may reduce 
the quotient | 
A(x), a9! We", Be oa Lp! 
O(a, gq +++ Ly) 


to the sum of two similar and simpler quotients, as follows : 
Since 


gees ae een apn Ran =) =3 
A(x, 9 Vey Uy 5 *** Unt Unt) — Lyd (Hy 9 Leg Uy'g 29° Un 1y Uys ) 


1 vy vy ree x,"* 22-1 (a — ) ’) 
1 A ee ieee eit ei (— a) 
(1) 
9 = = 
1 Ly-y Uy-1°** a iy eh —2X,) 


9 


= . 4 2 
1 Uy Uy ao Xn 0 


we have, after dividing both members of (1) by €?(a, a, +++ & 
in accordance with 155, and striking out the factor common 
to numerator and denominator of each term in the second 
member, 
A(2%,°, Iq 5 ey eed A Xn?) tA (2,°, Wo 4 5", res nis ae 
O(a, Woy 8% Ly) G(x, Voy 229 Uy 
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vy be on a 
let ea ee 
(%,—%_) (&,— Wz oat + (®— yur) (®y—%,1) +++ (We— Hg) (%—%) 


A ae 


n-1 


(%,-1—@y,_2) Ee eg Ung) oo (@,1—@) 


But the sum in the second member of this equation is, 


by 155, 


Fat) eke: »n—3 yp —] ° eo a a 
ety lic here yo ie “= O3( Wy, Ly, 2+*5 Wn_y)- 


m oe i mn—3 I 
1 Lyi Un-1 °° 1 | vn-1 


Transposing, we have 


we ey lee caalee s—2 rn ao 0 Li a nni—2 = 
A(x, eee A @,AA (2 9 Uy 9 Uz y res Lyi, Dy 
a , ez 4 e 
CP(Qyy Woy +++ Vy C#(Hy, Woy +++ BW, 


~ 0 a 1 , 2 . hs J 
A (a; 9 Ug 4 Vey * ae 35 Gey 
’ 
(a, Boy °°" Xan) 


which is the desired reduction. For example, 


base, lL eS 
Lege Lee 1 a 
deat | ae eer Yo 
1/ = =H 2= Xe. 
CHL, Y, 2) C(@, Y, 2) T Ae, 9) Y) Tags 
thle Lore ae 
Lag sy Le el ae 
bape: Li eet Lh 
Se re i ee ee ee 
PE) San) OCS eee 
The student may show 

Lee 

dose ye 

bis a 


= Sa? + Sa*y + wyz. 


| 


———oooo 
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| OL ame a 

Nea aang 

lens view 
SS = Be Bary + Sar Saye: 
C (a, y, 2) 


157. Since every term of ¢*(a, 2, --- #,) contains a permu- 
tation of all the powers of the variables from 1 to » —1, each 
term is of the 5 (nh 1)th degree. Similarly, every term of 
et eee, f° et, OL) 48 of degree ist) Maio + q. 
Hence every term of — , 


Q= A (x, e's 3", “ony Mn iy he 


i n 


G (x, Voy * 85 ,,) 


is of the (¢g—n+1)th degree, as is illustrated in the exam- 
ples of the preceding article. We shall now show that every 
possible term of the (g—n-+1)th degree in the variables is 
found in Q, and that every such term is positive. That is to 
say, the quotient @ is the complete symmetric function of degree : 
(q—n+1) of &%, W, -++, %,. 

- Such a term of Q is 


=— , 3] , 0 ” 6 a ad 
Pes Dy" Wy Uy" +++ Uy 9 Vy Une 


By successively applying 156, we develop Q so that the 
terms containing 2%, 2,072.1, %%7,12%,-2, etc., are at once 
distinguished. In the first place, 


0 ml Die ” ~3 af —1 a ni Poel | » alt —« 7—2 
Q re A(x, 9 He 9 Wy 5 885 Un 99 VA] a wa (2 or) Dies pe one 8, Un-I 
an, 4 » 4 a 
C(a, Hoy ***5 ee C(Xy, Voy ***5 ) 
2 0 1 2 an—38 -3 2 I 20 Tae n—-8 pan~-—l 
Gn Ar 22 Bs ’ 005 in 9s Tri) “er 4 on "A(2; » vo, Ws, 00 gees YA 
3 ; : 
G(x, oq +*%5 Uys) O(a, Boy ***4 ns) 


4+ Fe aah 
ry . 
The second term, 
Mare are “aw=8 a9 
UA (2y’, Ue 5 Vey ***5 lle Po A 
O(a, Vos ead Pani) 


“= Q1; 
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contains the first power of «,; hence we .must look for 7’ in 
Q,. Applying 156 to Q,, as before, we have 


i= x E (or as, we, mg % ice, ea, a 4 nla cn 5 rigs Un—39 ates) 
SSI OR ag ee ju Se ee ee ames 
O(a, Vo °° %5 Ly 2) Gay, Hoy *8%5 SA 


+ q—5 
iis sea ; oe. fas aa Smet a 


oe me n—2 + BA 
C(t, Voy 8%, Ln—2) 


ate ) ag p) es Cees: ae es 
<b seer ae 


O(a, Voy **%5 Xn) 
In this expansion we must look for 7’ in the third term 


3 54 0 if 2 — 
Un Cy A (ay 9 U4 Xs Cs a) rs 39 Lee} 


= ()o. 
‘ag (2, Vey °°") rae 


@, may be expanded as before; continuing in this way, we 
finally obtain the term 


g Ala 


By Vy Liy_o 2+ 3 ae ; 
C} (a 2) 

for the coefficient of w,27,_,2',.-:- ef contains only 2 and %, 
and is of the third degree.. Upon performing the division, and 
multiplying, one of the terms is 7. Since 7’ is any term, the 
proposition is established. 

Employing the notation H, for the complete symmetric 
function of the rth degree, we may write the result of the 
present article 


A o ce pe eee Ye 34 
AO = ve Pea (X; Voy °° %5 ea) : 
19 Vay 28% Vy 


or simply dias 


For illustrations the student may refer to the examples in 
the preceding article. 


* With this notation, H,=1, H_,=0. 


APPLICATIONS AND SPECIAL FORMS. 195 


Again, 
miles gee on! 
oe eg 
ee eee i 
er ote | 


| 
5 


= dat + Naty + Yary? + Sayzt. 


4 ry* 
Ce, Ys %, t) 
158. From the two preceding articles we have at once 


FT, (2%, gy °**5 Ly) a tT -1 (a, Woy °% 5 x.) ss HT, (2X1, Wyy **%s Xy 1) s 
(1) 


Whence we readily obtain 
Hf, _1(%1, V5 ° 7", pee nee 2 ae (2, Wa, 25 ike) +74 (21, Vo, °**, He \5 
oe PE a ay; Xo, to ae) D,) a HT, (2%), X25 oe" Lo wa Dra itdgaal 1s Xo, eae cape 
Substituting in (1), 
A, (2%, Wg, **%y In) Fe ®,[ H,1(%1, oe n+1) 
— nytt ,_9( Hr, Loy 2°45 %n+1) | fA. yy. 55°- "5, Lat is (2) 
Similarly, 
H1, (G15 Go, + >> 4 Cy Unga) = Cy 4a| Ay Mr Wey “->y Vag) 
—%y, fT,» (2, Wa9 °*%5 ®nii) | he fee (2, Wy, 2% Tn) C (3) 
From (2) and (8), 
ET, (24, Vo, °° %,) Ai X25 bia Bacio) 
= (H,— 0h) Hy (G1, Woy *** B43) - (4) 


159. If any alternant whose elements are powers (simple 
alternant) be divided by the difference product of its variables, 
the result is expressible as a determinant whose elements are 
complete symmetric functions of the variables. That is to say, 


CC aa SN a eg | Pm: Fete 
Car, Un 229° Hy, 2 sees) fetes oy 1) =f 


bree. da | ert ee ET i eotey 
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This may be proved as follows. For brevity we employ 
determinants of the third order, but the method applies, of 
course, to determinants of any order.* In the alternant 


oS se) ey 0. B 7 
A(x; 5 Vo 5 X3,) = vy aay vy 
a. B y ] 
Xo Xo Xv» 
2s af Ye 


subtract the first row from each of the other two, then remove 
the factors (#;—%,), (%—a,). Afterward subtract the second 
row from the third, and remove the factor x,— 2, employing 
equation (4), 158. The result is 


A(ai, ty 2) Ce Fg (x) Hy) 
Ca, Bn, Xe) ~ | La-1 (X41, Xe) Hp1 (2, W») My1(%, @) | 
Hy2(%, v9, 3) p_2 (2, Wy, as) FT, -2 (%, Vo, a) | 


The determinant on the right we now transform as follows. 
Add the second row, multiplied by «,, to the first, employing 
equation (1), 158, and obtain the determinant 


F1,.( 2, Wy) Hp (#,, Wy) FH, (2, a») 
Tes (a, ®p) FT p_1(%, ®p) ye Boe (a, Wy) 
H1g—2( #15 2, X3) LT g—2( 2), 2, 3) Ly_2( a, Wo, a3) 


Now add the third row, multiplied by x, to the second, 
again employing (1) of 158; finally, add the second row, 
multiplied by 23, to the first. 

We then obtain 


A(ay. ats a) Hy (X15 G2, %3) Fg (5 % %3) A, (a, yy Xp) » 
Ca, es Ha) ay TT cal oy Xo5 2s) g_4 (%, Vo, 23) Hyey (2, Xo, 2g) 
| Ha—2( 215 Vey Xz) Hp 2( a, Ve, Xg} Fry-2(%, Wo, Vs) 


as was to be shown. For an example, 


* The mode of proof here given is due to Mr. O. H. Mitchell, American 
Journal of Mathematics, Vol. IV., page 344. 


— tt 
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Gut Go Ot |e RO 1 a at 
i ie Ur 1 aes en 
De Lis eare 
= abe ¢#(a, b,c) | Hy(a,b,c) H;(a,b,c) H,(a, b,c) 
i HT, pls 
De ay H, IT, 
== 0c (a, 0,6) |_Hy HH, 
H, fz 
= abe l(a, b,c) | Sa? + Sab Sa? + 3a°b + Sabe 
sa da? + Sab 
= abe li(a,b,c)| — ab — 3a°b — 2d abe 
Sa Sa? + Sab 
= abel (a,b,c) | — Sab abe 
sa — Sab 


= abe l(a, b,c) (3a°b’ + Sa’be). 


160. Form the product 


Pee) Oy Oyy a2? ~ May | 
Gg, Mog 22° gn 


| nm—1 an~—2 # 
A ae xy ee oe a 
| ee a wend ee Ws 1 


ee 
(CeO, Te Olan | Rea ee Rat ge RP et ge at 


changing the columns of the first determinant into rows before 
multiplying. If we put. 


“A — ye -] —2 
S(#) = A, a” ae Cbg, a0" == pws a= Uy —1p © Si Cnrs 


we find K 
P=(-1) 


(n—1) 
| My | é (2, Voy tty 2) 


SGC AC oe ACER 
Sis) Sa) vee fi (29) 


Sil @n) S2(@n) eis Falta) 


ele. 
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If now 
S(%) = (4, —y,)"", 


we must have 


| ay, | = 


: Caer rs le ny Cele: it ae | 
No Ow (cao a cae 


1D ew CF leu (3) ap a 


2) Pl A) aaa 
Ota e q} 


But this last determinant evidently equals 


(n—1) 


K(—1)? Om, Yos Yas ***y Yn) 


where /¢ is the product of all the binomial coefficients of order 
n—1. We have, accordingly, 


(ay os Cy eee (ay ep Yo) Rigs (a, ia Yn) ake 
(y= y))""* (a — Yo)" 1 a+ (ao — Y,)”™ 


(2, .y: 1) te (2p, a Y») eo Ci Opa leas 
— Ia; Vo, Vay °° *y ey G (%; Yos Ys5 Bee Zee Yn) : 


If now 2#,=y,, we have €(%, 2%, %, +++, %,) in the form of a 
determinant. 


161. Suppose now that a,,a,,-++,a, are the roots of an 


equation 
f(%) = 0. (1) 
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Then (a1, ay, a3, +++, a,) is the product of the differences of 
the roots of (1). Square this determinant, obtaining 


€ (a1, ae, anes Gy) =e 1+1 +.--+1, Oy +a, +--- +a, 
a, tap +---+a, af+ag +e ba? 
ape thae tao, - ab bog -b Pa 


oft pap bb at? ahh aba -fa es 


af) fast fee fan 
a Fas! fe fa," 
att fas! +o fa, 


oe; * +a” —2 Loe + fio aad | 


==) 39, 91-83 Sn—-1 9 
Some Se Sy ap 
ys Sr41 
$,-1 Sn Sn ui Son—2 


where, as usual, 


8, Say fay ++ +a,. 


162. The preceding article gives us an expression for the 
square of the differences of the roots in terms of s,. We can 
also readily obtain an expression for the sum of the squares 
of the differences in terms of s, as follows. 


We have 
, re ta ae ii ae ee 
ee Ce 


by 58. 


163. We shall conclude our discussion of alternants with a 
_ theorem on the reduction of alternating functions to alternants.* 


* “Reduction of Alternating Functions to Alternants,” Wm. Woolsey 
Johnson, American Journal of Mathematics, Vol. VII., page 345. 
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Any function of the form 
(a, bed +++ 1) — y(a, bed +++ 1) ++ (a, bed «++ 7) 


(db, acd --- 1) — da(b, acd +++ 1) ++ fh, (0, aed «+ 1) (1) 


h(t, abe +++ hk) do(l, abe «++ hk) +++ (1, abe +++ k) 
is evidently an alternating function of a,b,c,---/, if 
p(a, bed --- 1) 


denotes a function of the » quantities a,0,c,---1, which is 
symmetrical with respect to all the quantities except a. If 
each element of this determinant, contains only the leading 
letter, (1) becomes 


fila) fala) fala) +> fala), 
GAO) OY ish) tea 2) 


AQ AO AO -- f@ 
an alternant, which we represent, as usual, by its principal 
term, - 

LA(¢), LO) BO), oa (7) J. (3) 


Now, if the principal term of (1) can be separated into parts 
of the form (8), then the given alternating function (1) is 
equal to the sum of the alternants represented by these partial 
terms. This is proved as follows. Since an interchange of 
two rows of (1) is equivalent to an interchange of the corre- 
sponding letters, any term of (1) can be obtained from the 
principal term by a suitable transposition of the letters, and, 
similarly, the corresponding term in each of the alternants may — 
be derived from its principal term by the same transposition 
of the letters; hence every term in the expansion of (1) is 
equal to the sum of the corresponding terms in the expansion 
of the alternants. 7 


— 
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Accordingly, if a determinant of the form (1) is expressed, 
as usual, by writing its principal term in (), with commas 
between the elements, we may erase the commas, and treat the 
expression within the () as an ordinary algebraic quantity. 

Thus, 


bcos sor a") = Abed, 1, ¢,d°) = A(a’, b,c, a) = Gia, 0,6 djs 
Suara tic.b. bP 
GEO vi ue1 6 € 
ioc ak de de 
Again, 


ho ret a? 26? + ca 


1 ing pe Ot belies be 
eae 0" =e ad 


= A(a’, b,c) + A(a’, D°, 7?) +A(a, b, 7) +A(e, d, c°) 


=— A(a’,b,e?)=—(a+b+c) G(a, b,c). 


Functional Determinants. 


164. Consider the following n functions of the n independent 
variables 0, Xo, -++ a. 
n =F, (1, Xo5 Sat sy | 
Yo = fo( Xr; Xo, s005 Gn) : (1) 


ose e806 


n= Ful @ry Mey +05). | 


These functions will be independent if for every set of values 
Of %, Yo -** Y, equations (1) determine one or more sets of 
values of %,, %,-+- #,, so that these latter variables can in their 
turn be considered as functions of the n independent variables 


Yu Y2, ated Yne 


oN 
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Differentiating equations (1), we have ° 
dy, = Bam, + Lam, +... + Bae, 
02; OX) 82, 


dy, = Vax, + Lean 4... + Law, 
02) OX, da, V (2) 


Wn = Vn dx, +. fn dx, fee + ohn dz, 
ba, da, da 


ont, 


Regarding equations (2) as a system of equations for deter- 
mining dx, dx, ---dx,, the determinant of this system 


a EO 
ay Oa 8x, 8 (%, Woy try Uy | > 


62, 025 d2,, 


Oi, tba SS Oa: 


is called the Jacobian of the given functions 4%, %2, -+: Y,. 
Or, in other words, the Jacobian of a set of » functions, each 
of » variables, is the determinant | ,,|, in which the element 
Kp is the first derivative of the pth function with respect to the 
gth variable. ‘Thus, given 


Y=ael+2beé+ec?, y=ae’?+2bzt+ee. 


The Jacobian 


S(% Yo) _ , |az2 +0t be +c mee bz +ct | 
d(2,t)  . jag+tot betetl zly. dbetatl 
kaa 0 0 Lj=4/0 —2t <7}. 
~ @) 4%, the-+-ct e (ee Ry 

Y bzetet eq @, 0, = G) 
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165. If the functions ¥,, 7, --- y,, are not independent, but 
are connected by a relation 


d (Yis2 1p ees Yn) = us (3) 


the Jacobian vanishes. 
From (3) we have, by differentiating, 


8b bh 4 5h | Bye eee 8 | 8Yn _ 9 


Cie Oly = OYo: OR, oy, Om 

Od 04, ., OP  8Yo dp — OY 

ee eas Psp ean eee ——" e aL — @) 

dy, OX S bY. O25 as O° Leds : (4) 


Bb Oy 4 8b Bey Bb Bm _ 


bY; 02%, SYo 8%, OY, Ov, 


From their mode of formation, equations (4) are simulta- 
neous. Hence the determinant of the system vanishes by 77 ; 
or 

’ = 

We shall show presently that if the Jacobian of a set of 
functions vanishes, the functions are not independent. 


166. The Jacobian of the implicit functions 


F, (21, Hoy °** ny Yry Yrs oo a) = 0) | 
eT Dis Yo °** eae (5) 


F(a, V5 toe ving Ns Yos 2 een 


is found as follows. — 
Equations (5) yield 


_8F,_8F bmn 4 8F Bue yg BE, Bt 
Sa, dy ba, | dy, 8x, OY, Oa, 
(¢, has 1, 2, «es nr), 


(6) 


~ 
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Using equation (6), we find the product of 


Wee wrote dF, | and oy Yo 8Yn 
by Sipe &Yn Oa) bah | da 
oF aR BR) bn Be Bt 
02 1 das ae OY n 025 02, He 0% 
oF, oF, oF, Oy 1 dy 2 Yn 
by i by 2 oh by n | bx, Ox, ‘ia bX, 
to be 
(—1)” oF, OF, oF, Ie 
02): Ome a bees 
OL SOL, OF, 
0%, 0%» 82, 
an, 8F, 8k, 
itis Oo: ae 
Whence 


~ 


J= 8(%5 Yo eee Yu) = (—1p 2a coe F,) = SCAR eee Fi) 
(My, Way +++ O(Xy, Boy +++ B,) ” SCY, Yos -+> Yn) 


(7) 
If in (7) we put »=1, we get 
_3F_8F; an 
02°, Ea Oy, dav,’ 


a well-known formula. 


167. If in equations (5) we consider a, a, --- 2, as fune- 
tions of %, Yo, +++ Yn, we obtain, as above, 


o(M, Fy, + Ff) *% O(f,, Ff, ++ F,,) x 6(a%, Wo, o** Wy) (8) 


pT ANS — 
( ) d(%; Yoo *** Yn) d(x, Woy se Xn) d(H, Yo, *** Yn) 
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From (7) and (8), 


8(Y15 Yoo *°° Yn) (a, Voy °°? Vy) 
. ae aes 
0(X, Moy 2° Ly) O(%, Yous * Yn) 


168. Again, having given the n+p functions, 


F, (X, Voy 29° Lng Yrs Yoo 27° Uae) See Ne 
Fs (2, Xo5 rege Lng Yi» Yo) aes Stes = () | 


Fin (Xs Hey 29° Urs Yis Yor **° Uaet = 0 | 


The Jacobian 


J= 8(%1, Yo, °2 Yn) 
O( By, Voy ++ V, 


of the first n of these functions is found as follows. 


tiating equations (10), we find 


8F, _ 8F, dyn , oF ay 


Bae Suse Syushee ts 


205. 


(9) 


(10) 


Differen- 


oF, Oye 


Ol) ae 02, 


(0) 


(Gal, 25°31 py el, 2, + en 


Now multiply together 


A = oF, OF, OF, x Oy, SYo 


8 So éy n-+-p da, On 
SF OF, SF, 39, Sys 


Oy dYo a OY n+p 8x, Ou, 


OM aie OF 4p af OL whee OY dYa 


—_— 


by a by 2 oy n+p bx n dX, 


first writing J as a determinant of order n+p, thus: 


5 es a ise #0 Ro, eg ees : 
Stee ese Le beaa bea it 6 Ya So 

> oaks f i dad Le - a Ay = Ps <t pita: sagas il sf 
Ae | ‘ ead B: 4 <7 
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BEN yes ie hae 
ae: dy; ss 8Yn Orit Dee OYntp |* 
het Se ’ 62, ape 62, day 02, 

Oy eee Yn OY nit ece OY nen : 

OU, ON, O85": diy 

oy eee BY Yn ese Yn» 

32, OR. Oe. Obs 

ee 0) eooe 0 1 eee O 
ee ee a 0 | . 


Calling the product 2, we have 


(ia SF, 


| 8 (Ff, Fos 


te ey) 


82°, ate 3a, ; OY n41 fa nip 
| OF, oF, oF, oF, 
82° dw, OYn41 i OY np 
; OF, ntp |. by aie a oF on ae OF, n+p 
. 02, bx, by a+l OYn +p 


= BS wae os aa — Lee eee 
ace _ 0 (®yy ay +++ Buy Ynsis Yasar *** Yarp) 


since, by equation (0) for k<n, 
oF, . 


Yi 


the element a,, of P i 


and for k >n, 


We have, accordingly, 
Meh 


— 
— 


a i 169. Suppose equations (5) yield upon solution — 


y= (2%, Wo, vey we) | 
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Solve (c) for a, and substitute this value of #, in the 
remaining n—1 equations; then y%, 73, --- y,, become functions 
Of 4, %, °++%,. Thus 


Yo = h2(Yry Voy +++ %,). (d) 


Solve (d) for 2, substitute the result in the remaining n — 2 
equations ; then ¥3, %,, --- y, become functions of ~ 


Yr» Yoo Vgy rey Ve 
Thus Ys = b3(%15 Yay U35 285 el (e) 
Solve (e) for a3, substitute as before ; and so on. 


We obtain the equations © 


hat i (By) Vey +++ @,) =>: 
Yo — Po(Yry Vey +++ &,) == 0 
Ugo $3(%,) Yor Vzy °° 2g == :0 ° (11) 


1) Os hr(Yr» Yas 8° Gy ee St 2, ) = 0 J 


By 166, . : J= d(%; Yoo *** Yn) 
6( 21, Ug, 2** Yn) 


= (—1)" 
_ bo; _ dh _ d¢y di 
8a, Sa diy Sar, 1 0 0 0 
dd. _ dp dds dds 
0 _ 292 i 1 0 0 
025 82° 62°, bY; 
ve Sh3| | do _ Shy 
0 : = 1 0 
825 8a, by, 8Ye | 
ee eee 
dh, Og, %- Sial SOO eae 
0 0 QO ee —of a Pe! Pe 
5a, by 1 dYe dYs 


Odi, Sd: Obs |, Sdn, 


ey Og Os 52, 


vN\- 
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That is to say, the Jacobian of a set of functions Yyy Yoy *** Yns 
each of n independent variables x, a, +++ %,, ts expressible as a 
product of n differential coefficients of the functions ¢, ho, +++ Day 
where , is a function of Yy5 Yor <** Yp—1y Vpy 20? &, 


n° 


170. ‘The result just obtained may be employed to show that 
if the Jacobian of a set of functions vanishes, the functions are 
not independent. 

For, if Vp Og: Odo | On 


OD, 8%, ba 


7 
vanishes, some one of the coefficients, say 


gi = 0; 


Sa. 


u 


oO 


where 7 has one of the values 1, 2,---». But if a = na, 
does not contain 4,, 7.¢., vi 


v 
Yi = Di (Yas Yoo +8 Yi-ry Vegas *°* Xy)- 
Also Year = Pega (Yas Yor °2° Yor Vig, 27° Bm) « 
From these two equations, 
Yin = Wir (15 Yo *°* Yin Vera, Ujsg, °°° as) ; 


therefore y,;,, does not contain «,,,. In the same way we may 
show that ¥,;.. does not contain 2,,,, and so on. Hence, 
finally, 

Yn = Wn (Yrs Yoo “7° Yn-1) 3 


or ¥, is expressible as a function of the remaining »—1 func- 
tions, and hence the given functions are not independent. 
For example, if the given functions are 


(1) w=a+y, (2) v=ae—2, 3) w=aeytoz—ye—F, 


hee” 1 ytz2 
180) U—z 
0 —1l w—y—2z2)} 
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J evidently vanishes. Accordingly, (1), (2), (8) are not 
independent. That the given functions are not independent is 
easily shown directly as follows. We readily obtain 

Y= Ua U2. 2 WS V(t — Vv), 


as was to be shown. 


171. If the functions y, yo, +++ y, are the n partial derivatives 


x aL vee ie of a function f(a, @, --- @,), the Jacobian 
an 00s on. 
BECP Oe hea Ol eek Oe 
One 89,08 527,02, 
ee ee ee a 
6008, ° 0X5 82%02,, 
ge ait vote 
OU, Oy 4. 0U,,0505 62,7 


is called the Hessian of (a, a,-+--x,). The Hessian is a 
symmetrical determinant, since 


aig ie 
SxSa,  d2,82, 
OP RL ee 


If the derivatives — Px pe 
8a, 62, Sa, 


tion, with constant coefficients 


are connected by an equa- 


a 2 s ay 2 + “te = + ach = Q; 
Sal ‘2 “nN 


the Hessian must vanish. 


172. Let fi, fi, ---f, be m given functions of the same 
variable z. Suppose the functions are connected by the linear 
relation 


Of ate Cty fr ye Cs fs ae oS 1s On Sn = 0, (1) 


~ 
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in which a, d,-+- a, are not functions of w. Differentiating 
(1) successively n —1 times, we have 


fi) tdofy +dgfso +e ar fp! 0 
fi’ + O2f" + 3fs' + ---a,f,"" = 0 (2) 


| 


afr + fs" 1 aie Grae il ae ae Ga Igoe =) | 
Eliminating a, dy, +++ a, from (1) and (2), we find 


A Jo Ss hos 12 = D (fy fos Ses ne Pe a Os, 
Si 2! ts! et ve 
SNA dee A otis 1 (3) . 


cs oie eee ro ahs s| 
The determinant of (8) has been called the Wronskian of 
Sis Jay +++ Fn» + We see from (3) that if the functions fi, fi, -«- Sf, 


are connected by a linear equation of the form (1), the Wron- 
skian vanishes. 


173. If we denote the given functions by y, Yo, +++ Yn,» and 
the derivatives by 41, Yo, -*: (¢.€., the second subscript denoting 
the derivatives), we may write (3) 


v1 Yo Pye ape = D (Yr Yor Ys *** Yn) ate 
Yu Yor ute 
ee (4) 


Wi at Yon °° Urn 
Now y being any function of x, we find 


yD (Yrs Yoo Yar °°" Yn) =| WY WY) oe  (HY)aa}s 
YoY (YX) °° (YX) na (5) 


Yr (YY a eae (YnY)n-1 
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in which the subscript & of (yy), means the Ath derivative of 
(yy). That is to say, the Wronskian of my, yoy, +++ y,y is 
the product on the left in (5). This is made evident by notic- 
ing that since 


YUYi=YayHYY's HWYe=IYoy + 2yay' +yy", 


etc., where y', y'', ---, are the successive derivatives of y, the 
determinant on the right becomes a sum of determinants, of 
which the first is the product on the left, and all the rest 
vanish. 


174. We find 


dD (Wy Yoo ***5 Yn) Me. Y1 Yu "+ Yin-2 Yinis 
da Y2 Yor eat Yo n~ 2 Yo n 
ee oe , (A) 
Yn Yn ay Yan 2 Yann 


for in the sum of determinants which make up the derivative 
sought, all vanish except the one expressed in equation (A). 


175. If in 173 we put y = os the Wronskian on the right in 
41 


(5) reduces to 
©.) ~ @.,/-BO:~ C0} 
Wi/1 Ly) eat WM Yili Wi 
8-6 
Y,/1 Yi) n-1 
é 
Y n—1 | 


nh 
(a) a D (Ay Yo) (#) = D (A, Ys) = (S) = D (; Yn). 
1 1 


Now 
| See a a5 SET Pees z 
W/i Gy. Y Yi ny Yi 


Ny 
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Then if we put 


D5 Y2) = % D (415 Ys) = 23, «0° D(H, Yn) = ens 
we get 
] ‘ 
D (5 A ee Yn) =—_ D (22, Zag *** Ry) (6) 


n— 2 
Yy 


176. We shall employ the result just obtained to show that 
if the Wronskian of 4, %, +++ y, vanishes, the functions are 
connected by a linear equation having constant coefficients. 
Suppose that y, does not vanish, and since by hypothesis 


D (15 Yas ve Yn) a 0, 
by (6) of the last article we must also have 


1 
a —-2 


(Za, B39 07° Zn) = 0. 
Therefore, by 172, the n—1 functions 2, 25, --- z,, are connected 
by a linear relation, 7.e., . 
Cn Zq + Ag@g + -++ + 4,2, = 0. (7) 


Dividing (7) by ¥,?, and restoring the values of Zs, 23, +++ z 


a (*) ie e@ tes od, (%) = 0 (8) 
An) “nh SAO) Eee. 


Integrating (8), we find 
CY + Aly Yo + AsYg + v++ + On Yn = O. (9) 


Therefore assuming that if the Wronskian of n—1 func- 
tions vanishes, the functions are connected by a linear relation, 
we have shown that when the Wronskian of » functions van- 
ishes, the functions are connected by a linear relation. But 
the assumption is obviously true for two functions, hence the 
theorem is true universally. 


- 
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Linear Substitution. 


177. If the n functions (one or more) 


Si = Gy By + yy My + ++ + hy ®, | 
Jo = My V1 = Cog Xe + tes = Con Vy 


es Reps aa ee (1) 
_ rae CP al f= (9X2 se chs se Onn Ly, | 


are transformed into functions of 4, %, --- y, by the following 
linear substitutions,* 


y= Dis yy ~- Bis 2 Yo + a “Hz by, Bal 
Vy = ee aes Duo 4 2 eae os Eee 


i. fey (2) 
= he te — es ae ae Yn | ) 


the determinant |5,,| of the system (2, is called the modulus 
of transformation. If the modulus is unity, the substitution 
is unimodular. If 4%, a,--- 2, are independent, the modulus 
cannot vanish. 


178. If the functions (1) are transformed by means of (2) 
into 
JA = My Yi +e Myo Y2 eee dali Be Min Yn 


- = Mo Yy + Meo Yo + + Mo, Yn j (3) 


fe: Mri Yi + Mrs Yo a ao + Man Yn J 
the determinant of the system (3), 


| my Mog eg Bibs |s 


——.. 


* The learner can understand the importance of linear substitution by 
noticing that such a substitution is the process Se Bee in transformation 
of codrdinates in Geometry. 


\ 
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equals the product of the determinant of the given system (1) 
by the modulus of transformation. That is to say, 


| Min! = 1 inl X | On f- 
This is proved as follows. The coefficient of ¥,, 
Min = Uy Dy, + Aig do ee + Min Onis. 


is found by multiplying equations (2) by dy, dig, +++ Giny TeSpec- 
tively, and adding by columns. Whence, by 53, we see that 


| My My --* My, |= 1 Ay Ay --- Ayn} X | Oy Oy --- Oy]. 
My, Myg +++ Moy Gy, Ang 22+ Coy ee 
My Mng-2** Man Any Ong °** Gy a Ono aes oa 


179. If f(a, %,-+-%,) is to be so transformed by the sub-_ 


stitution 
C= Bu tit Bis + + Bun Ya 
Xo = Ba Yi + Boo Yo + +> + Bon Yn 
x ae ie a rie ee (a) 


| 


Ly = Bui 3m BroYo Sie i = Bes J 


that Ye + Obs + Pea” == ape = ae = Dy == ee + Gees 


the linear substitution is called orthogonal. The coefticients of 
an orthogonal substitution must satisfy the following condi- 


tions. 
A. Since 


ns ee ye 
= (Bn oi + Bis Yo + ++ + BinYn)? + (Bar 1 + Boe Yo + ste Banga) 
+. ee A sists Bae + (Brith + Bro Yo+ wee + BrnYn)” 
=(6ir + Pave + Bait ABs Be ae Buz) Ys 
+ ove + 27 Y2 (Bu Br + Bor Boo + +++ + Bai Bre) + +++ 
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WG 


we must have 
ie he + Bf tee +tB?2 =1 
Bui Bix + Boi Bor + SO fe Bri Bax iW (i, k= As u: eee n). 


B. If we wish to return to the original function from the 
transformed function, we must put 


II. Yi = Bri + Boj + o++ + Brin» 
For from (a) we readily find 
Buk + Bop %2+ +++ + Bik, 
= 91(Bn Bi: + Ba Boi + +++ Ba Bri) + Y2(Biz Bui + Ba Bait +++ +Bn2 Bni) 
Bb a Bin St Pina a = Pon ng) 


Now, by I., the coefficient of »,= Me and the other coefficients 
vanish. 


C, The square of the determinant of the system (qa) 
émodulus of transformation) is unity. 
For 
Bu Br» _ Bin : 
aah Bn Bx. +++ Bon 
Bui Bue mo Picn 
|D,,,| is a symmetrical determinant by 108; since, by I., 
: D,=0, D,=1, 
éhe truth of III. is obvious. 


=|2,?= [els 


D. B,, being the minor of ,, in | 8,,|], we find 
Bi = Bu | Bin lz 


For multiplying the equations 


cu : srt Dae ie Sass = 0, 
Ps Bs + ote Ba P= = = 
Pr By 2 es ee Le 0, 


as 
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in order by By, By, --- B,,, and adding, 5 we have 
By = = By (By, B il le aonfe Bin Bin) —— 6 ae Bix (Bab t1 Nie * aie He fps Bin) 


ae oie Sere (Bu Ba ie te a Brn Pin) 


But all the coefficients, except the coefficient of 8, vanish ; ~ 
hence 


TASES Te aa Bix | Bin | : 
H. By the preceding condition IV., 
(Bi Ba + aha + Bn Bid | Bin | — Ba Bu + aoe + Bui Pave 


The second member of this equation is | f,,|, or 0, according 
as i and & are equal or unequal. . 
Whence 


Vv. | Bx ae Bs ae pees + Bin? al 
BaP + Bi2 Bie “ie ra eerie == 0) 


F. The following relation holds between the minors of the 
modulus of the orthogonal substitution. 


Bria r+ Br43 pet as aS Bria ol ae | Pin | x Pu Pr» oe By ote 
ee 
Bn r+1 Bs r--2 wo B n Bra Bye Ee Bb, r 
For, by 61, 


By Bip a B, P| | Bin | mt Bras r-+1 Bria FD soe Bras nie 
By Broo sb B, r Brve r+1 Br+9 pay ‘ x Br+2 n 


By Bio i ys r Bx r+l1 Be eae py ES. n 
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Now, by IV., 


By, By +> Bi |=|Bml"X)Bu Be - Birl- 
By By ie Bp, Bay Boe ed Bor 


By B, hag ‘Be Ba B, an Be 


Whence, equating the second members of these two equa- 
tions, the relation VI. follows. © 
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